Realization from Weighting Pattern

Minimal Realizations

Realization from Transfer Function

Realization from Markov Parameters

Discrete Time

Definition: Realization

y(t) = C)z(t)
is called a realization of the continuous weighting pattern G(t, o) if

G(t,o) = C(t)®(t,0)B(0) Vi, o

It is called minimal if no realization of smaller dimension exists.

Notice the distinction between the weighting pattern and the impulse
response. The latter is only defined for ¢t > 0.

Theorem 1: Realizability

The weighting pattern G(t, o) has a realization of dimension n if and
only if there exist matrix functions H(t) € RP*", F(t) € R™™™ such
that

G(t,o0) = H(t)F(o) Vt,o

This corresponds to a realization with A =0

is a realization. Conversely, if
G(t,o) = Ct)®(t0)B(o),
then G(t, o) = H(t)F(c) for
F(t) = ®(0,6)B(t)
H(t) = C(t)d(t,0)

This does not work in discrete time. Why?




The realizations {0, F'(t), H(t)} are seldom "nice”. Consider
G(t,0) = e==9) with

Theorem 2: Minimality

A linear realization of G(t, o) is minimal if and only if for some ¢y < ty,
it is both controllable and observable on (to,%y).

Remark
There may still exist realizations of the impulse-responses, i.e. for t > o,
of lower dimension. See Exercise 10.7.

Proof Omitted.

(t) =e'u(t) (unstable)
y(t) =e "a(t)
and
(t) = —x(t)+u(t) (stable)
y(t) = a(t)
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Theorem 3: Periodic Realization

A periodic linear realization of G(¢, ) exists if and only if it is realizable
and 37 > 0:

Gt+T,c+T)=G(t,o) Vto

If so, then there also exists a minimal realization that is periodic.

The proof is omitted.

Theorem 4: LTI Realization

A linear time-invariant realization of G(t, o) exists if and only if G is
realizable, continuously differentiable and

G(t,o) = G(t —0,0)

Proof: “Only if" is immediate. To prove “if" let {0, B(t),C(t)} be a
minimal realization and introduce

A |\“ " B(0)B(o)TdoW (to, t;) "
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Proof continued

With C(t)B(o) = G(t — 0,0) it follows that

_ |9 9 T
0= ﬁ%QQQuS.T%“Q@SS B(o)

= C'(t)B(0)B(0)" + C(1)B'(0)B(0)"

oH \w \ ﬁQ\SmAvaAQvﬂ+QA$®AQVQAQVJ&Q
0=C'(t)+C(t) v B'(0)B(o)TdoW (to,ts)™"

to

0=C'(t) - C(t)A, C(t) = C(0)e?

G(t,0) = C(t)B(o) = C(t — o) B(0) = C(0)e**=7) B(0)

A time-invariant realization is therefore £ = Az + B(0)u, y = C(0

)

x.

The weighting pattern
G(t,o) = e (7o)
satisfies G(t,0) = G(t — 0,0), but is not factorizable as F'(t)H (o), so

no realization exists.

Remark
The weighting pattern G(t, o) is realizable as a time-invariant system if
and only if it can be written as

n l
G(t,o) = MU MU gy (t — )LM=

k=1j=1

-
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Theorem 5: Transfer Function Realizability
A transfer matrix G(s) admits a linear time-invariant realization
G(s)=C(sI - A)"'B
if and only if each entry of G(s) is a strictly proper rational function.
Proof: “Only if” is immediate. To prove “if”, choose
d(s)=s"+d, 15"+ 4+ dy to make
d(s)G(s) = N,_1s" 14+ + Ny
-
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Proof continued

Let
0 I, 0 0
A = 0 I, ; B=10
|&o.~3 |&H.N3e |&ﬁ\~.~3 .N.S

C = N M Nl Z(s) = (sT— 4)'B

It is then easy to verify that

Z(s) = &Tﬂ: sk, mﬂ\:ﬂLH

C(sI — A)~1B = G(s) follows by left multiplication with C.

12




Distinct Poles

When G(s) has distinct poles there is a more natural realization on
diagonal form. Introduce the partial fraction expansion

: 1
G(s) = G,——
Amv MU s — v:.
=1
and the rank-factorizations
Q&Hq&mj Qs. mm%Xbﬁ. ms. is pPi XM

where rank G; = p;.
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Gilbert-Realization

Now use
A =diag{\il,,,..., N1, }

rdp,

B,

B,
c=lan....ol

It is actually a minimal realisation of G(s), and it is often called the
Gilbert-realization.

1 2
1 1 2 1 0 0
Gy =] o U= T2
GFD(s+2) s+2 5 -1 0| % 11
with

1 0 0 1 2
A=10 -1 0|; B=]-1 0

0 0 -2 11

1 0 0
QH

0 1 1

.
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| Theorem 6]

{A, B,CY} is a minimal realisation of G(s) if and only if it is controllable
and observable.

Two minimal time-invariant realizations of G(s) are related by a
coordinate transformation z = Pz.

The transformation is unique.




Proof of Theorem 6

If {A, B,C} is not a minimal realisation then there exists {F, G, H} of
dimension n, < n such that

g(t) = CeB = HM'G Wt
This gives CA*B = ¢\®)(0) = HF*G  Vk and

c H
B ap .. a=pl=| o ||g - P
cAr! Ca HF" 1 o
O ot

But Oy and Uy have rank less than or equal to 7., so that holds also for
either O, or C,. {A, B,C'} cannot be both controllable and observable.

Proof continued

Conversely, if {A, B,C'} is not controllable (not observable) it can be
transformed to

A A B
SRR

me:.m = Qme—:me

so {Ay1,B1,C4} is a realization of lower dimension.
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Proof of Theorem 7

Let the two minimal realizations be
g(t) = CeB = HM'G Wt
With the notation from the proof of Theorem 6 let
P = QQQWAQxQWV\H.
First prove that P~ = (O7O;) 7107 O,. The existence of the inverses
are guaranteed by controllability and observability.

Then verify that P"'B =G, CP = H and P"'AP = F.

~

For any other such transformation P it follows from QﬁLw =0f =0,P
and observability that P=r.
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Definition: Markov Parameters

Given a time-invariant impulse response g(t), the corresponding Markov
parameters are defined as ¢(0), ¢'(0), 9®(0), ¢ (0), ..

Define also the block Hankel matrices

9(0)  g'(0) ... g¥u=b(0)
g'(0

b |70
.QQ.|“_.V .QATT,»|MvAOV

for 4,57 > 0.

If the system is stable, then G(s) = g(0)s~! + ¢/(0)s™2 + g s~ + ..
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Theorem 8: Realization from Markov Parameters

An analytic impulse response g(t) admits an n-th order time-invariant
realization & = Ax + Bu,y = Cx if and only if there exist positive
integers [, k < n such that

rankl';y = rankl'jy1 p+j =n, J=1,2,.
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Utilize

Proof of Theorem 8

T, = MW,
C
M=
Q\»&\H
W;=|B AB ... 4B

like in the proof of Theorem 6.

Discrete Time

k

y(k) = > Gk, j)u(y)

Jj=ko

G(k,j) = C(k)®(k,j + 1)B(j), k> j +1

Cannot define weighting pattern, that is G(k, j) also for k < j, since ®
need not be invertible.
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Proof
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| Theorem 9
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z(k+1) = u(k), y(k) = x(k)

is a realisation of
G(k,j)=0d6(k—j—1),

but you can not find a factorisation
G(k,j) = H(k)F(j), k= j+1.

k>j+1

z(k+1) =x(k) + 5k — 1) u(k)

y(k) = |1 5(k)| 2(k)

is reachable and observable on any interval containing k£ = 0,1, 2, but it
is not a minimal realisation of the pulse response

Gk,j)=14+6k)¥(G-1)=1, k>j5+1

since
2(k+1) = z(k) + u(k), y(k) = z(k)

is of lower dimension.
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Next Week]

Linear Feedback

Eigenvalue Assignment

State Observation

Youla Parameterization
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