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e Introduction

e Multivariable Time-varying Systems
e Transition Matrices

e Controllability and Observability

e Realization Theory

e Linear Feedback

e Multivariable input/output descriptions

Rugh, Linear System Theory,
chapter 1-15, 20-29
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Linear Time-invariant System

State Representation

Convolution Representation

y(t) = \QT& (r)dr
G(t) = Ce*B+5(t)D (impulse response)
Transfer Function Representation
y(s) = G(s)u(s)

G(s) = \8 e *'G(t)dt = C(sI — A)'B+ D
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e Examples
e Linearization

e Examples

Lecture 11

e Mathematical Concepts

e Block diagrams

e Looking Forwar
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Time-varying Linear System

State Representatio
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K Example: Two Tank System

Flow: ¢(%)
Volumes: V7, V5

Concentrations: u(t), x1(t), w2(t)
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Capacitor Dynamics:

Inductor Dynamics:
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%C\tﬁv = qu—qx
& (Vo) = qu1—qus
_1 0 1
p(t)=| " | a@a@®) + | ] a(t)ult)
v v 0
.
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K State Representation
With z = [u, i]¥
—c/c 1/c 0
B(t) = / e e+ u(t)
“1/1 |¢iv /i 1/
.
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Discrete Time LTI System

State Representation

Convolution Representation

k
= Y G(k-nu(l)
0

D E=0
CA¥-1B k>1

(impulse response)
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Example: Shift Register

11

VETENSKAP'
OCH
4 KONST

b,

KTH

Transfer Function Representation

y(z) = G(2)u(z)
G(z) = Y Gk)zF=C(zI-A)~'B+D
k=0
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State Representation

T
r = _HHH To T3 .&.%H_
1 0 0 1 1
1 0 0 O 0
ok +1) = (k) +
01 0 0 0
0 0 1 0 0
yk) = o 0 0 1]a)
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Consider (assuming differentiability of f)
a(t) = fla(t),u(t),t), =(0)=wo

with solution & for u = @ and g = Z. Let x5 = x — Z. Then

f(&+ x5, 0+ us,t) — f(Z,4,t)

of . . of . .
= oL@ a,00s+ 52,3, 0us + o), us)

Hence, with

o, 0,

\:wv - @&.AHJQ\J&V“ m@v - %QAHL?@
the linearization is
z5(t) = A(t)xs(t) + Bt)us(t), xs5(0)=z9— Zo
J
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Dynamics

r2cos®p + r¢? — k/r + u,./m
0
—270/r 4 20¢sing /cosp + ugcose/mr
¢
—02cosgsing — 27 /r + ug/mr
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KTH Example: Communications Satellite
Spherical coordinates: = = [r 7 0 0 ¢ ¢|T
Input: u = [u, ug ug|®
Output: y = [r 0 ¢|*
. J
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Linearized Communications Satellite

Circular equatorial orbit:

T
wnTo&&o&
= 0

<

Linearization: © = Ax + Bz

0o 1 0 0 0 o [0 0 0]
352 0 0 2F 0 0 1m 0 0
0 0O 0 1 0 0 0 0 0
k&” ; .mH
0 —25/F 0 0 0 0 0 1mi 0
0 o 0 0 0 1 0 0 0
0 0 0 0 -& o0 0 0 1mF
g
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Vector Functions

The notation = € L5 [0, 00) means that

z1(t)

x(t) = : eR", te]0,00)
&:S

[ wi(t)?dt < oo, Vi
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KTH Norms, etc.

For z,y € LE[0, ), define norm and scalar product by

o = A\og %ve%v&v

<my> = \W%ES&

1/2

For G € LT"*"[0,00), x € LY[0, 00), define the convolution G * = by

t

G ra)(t) = \OET%S%

Then (G * z) € LT[0, 00).
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Matrix Functions

Similarly, the notation G € L**"[0, c0) means that

Gui(t) ... Gua(t)
G(t) = : e R™ ™ t€10,00)

Gmi(t) ... Gmn(t)

\ G (t)|dt < o0, Vi, k
0

—
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K Laplace Transform

For a function z on [0, c0) introduce
X(s) = (Lo)(s) = [ ale it Reszo
0

If 2 € L]0, 00), then integral finite for o < 0.
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(Lz)(s) = sx(s)—xz(0)
! 1
L ﬁ\o HAQEL = mx?v
[L(Gxa)](s) = G(s)x(s)
limi,0G(t) = lims,005G(s)
limi,0G(t) = lims,osG(s)
| strsa = o [ xerytiod
0 —00
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Example: Matrix operator

Let M e R™*",z € R". Then Mz € R™ and

__§__M = msw_a_ugiiw

= msU_H_HHH%.\&%.\&H

= E@NHM&MSv& Qgﬂiv

= ENNHM&MSQ& ngm
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Linear Operator

A linear operator is a map X — Y'that satisfies
iAQH&H + Qw.\hwv = QHAEHHV + QMANS&.MV

for aq, s € R.

A bounded linear operator is one that has a bounded (induced) norm

|Mz|
||

M= sup,o = Sup|y)— | M|

22

b,
'VETENSKAP'
— e W ~

KTH

Example: Convolution operator

Let G € LT""[0,00), = € L}[0,0) and Mz := G * z € LF'[0, 00).
Then

oo
= |z|=1 = |z|=1 2
|| M]| sup \Mz|* = sup ; |G * z|“dt

~ suppors | (G # 2)) ()P

[7% |G (jw)x(jw)|*dw
I75 x(jw) Pdw

This norm is called the H,,-norm of G:

I”

= SUP, = sup,, R [IG(jw)

IGlloo = sup, [[G(jw)]| = sup, max;oi(G(jw))
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Range and Null Spaces

Range space (Image) of M : X —Y:

R(M) = {Mzx:zeX}CY

Null space (Kernal) of M : X — Y:

NM) = {z: Mz=0}C X

VETENSKAP
. OCH |
KONST

KTH

25

Block D_mmaBm-
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1 2 1
R = Q@ ra€R
0 0 0
1 2 2
N = o :a€R
0 0 —1
&
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KT Diagram for Linearized Satellite
.
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Existence and Uniqueness of Solutions

Gronwalls Lemma

Transition Matrices

Adjoint Operators
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