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Abstract
This report contains properties and approximations of some matrix valued
probability density functions. Expected values of functions of generalised
Beta type Il distributed random variables are derived. In two Theorems,
approximations of matrix variate distributions are derived. A third theorem
contain a marginalisation result.

Keywords: Extended target, random matrix, Kullback-Leibler divergence,
inverse Wishart, Wishart, generalized Beta.
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Abstract

This report contains properties and approximations of some matrix
valued probability density functions. Expected values of functions of gen-
eralised Beta type II distributed random variables are derived. In two
Theorems, approximations of matrix variate distributions are derived. A
third theorem contain a marginalisation result.

1 Some matrix variate distributions

1.1 Wishart distribution

Let Si 4 be the set of symmetric positive definite d x d matrices. The random
matrix X € Si 4 is Wishart distributed with degrees of freedom n > d — 1
and d x d scale matrix N € S‘j_+ if it has probability density function (pdf) [1,
Definition 3.2.1]

p(X) =Wa(X;n,N) (1)
:%etr <1N1X) ; (2)
271, (g) e T\

where, for a > %, the multivariate gamma function, and its logarithm, can be
expressed in terms of the ordinary gamma function as [1, Theorem 1.4.1]

d
Ly(a) =r"DT]T (a— (i —1)/2), (3a)
i=1 )
logTy(a) =d(d — 1) logm + Zlogf (a—(i—1)/2). (3b)

Let A;; denote the i,j:th element of a matrix A. The expected value and
covariance of X are [1, Theorem 3.3.15]

E[Xi;] =nNij, (4)
COV(XZ'J',XM) :’n(Nikle + Nilek>- (5)



1.2 Inverse Wishart distribution

The random matrix X € Si . is inverse Wishart distributed with degrees of
freedom v > 2d and inverse scale matrix V € S%_ if it has pdf [1, Definition
3.4.1]

p(X) =IWq (X;0,V) (6)
2_1;—(1—1 v—d—1 1

= idl‘l/ ’ — etr (—X_lV) . (7)
Ly (=5=) |X]= 2

The expected value and covariance of X are [1, Theorem 3.4.3]

‘/:L,,
2(v—2d — 2)_1V Vi + Vi Vi + Va Vi
Cov(X;i, Xp) = Y i d v J —2d—4>0.
ov(Xiss Xet) == ) o —2d—Dw-2d—1) * " ~
(9)

1.3 Generalized matrix variate Beta type II distribution

Let Si be the set of symmetric positive semi-definite d x d matrices. The
random matrix X € Si . is generalized matrix variate Beta type II distributed
with matrix parameters ¥ € Si and Q0 > V¥, and scalar parameters a and b, if
it has pdf [1, Definition 5.2.4]

p(X) =GBY (X;a,b,9Q,7) (10)

d+1

X =T+ Xt
- Ba(a,b)|Q + W|-b

, X>VU (11)

where, for a > % and b > %, the multivariate beta function is expressed in
terms of the multivariate gamma function as [1, Theorem 1.4.2]

~ Ta(a)la(b)

Ty (12)

6d(a7 b)

Let 04 be a d x d all zero matrix. If ¥ = 04, the first and second order moments
of X are [1, Theorem 5.3.20]

2a
B o Y
2—d—1""

2a
BlX3j X = (2b—d)(2b—d —1)(2b — d — 3)

+(2a+2b—d7 1)(Q]lﬂzk +Q¢lej)], 2b—d—3>0 (].4:)

B[] (13)

[{2a(2b — d — 2) + 2} Q4




2 Expected values of the QBéI -distribution

This appendix derives some expected values for the matrix variate generalized
beta type-1II distribution.

2.1 Expected value of the inverse
Let U be matrix variate beta type-II distributed with pdf [1, Definition 5.2.2]

p(U) =Bj' (U; a, b) (15)
U L U et (16)
B 5d(av b)

where a > 451, b > 941 and I, is a d x d identity matrix. Then U~ has pdf
[1, Theorem 5.3.6]
pU ) =By (U b, a). (17)

Let X = QY2002 where Q € S? . The pdf of (X) is [1, Theorem 5.2.2]
p(X) =GB (X; a, b, , 04) (18)
and subsequently the pdf of X1 = Q- 1/2U-1Q~1/2 is
p(X1) =GB (X7 b, a, @7, 04) (19)
The expected value of X! is [1, Theorem 5.3.20]

2b

B[X™] T 2u—d-1

QL (20)
2.2 Expected value of the log-determinant

Let y be a univariate random variable. The moment generating function of y is
defined as

fiy(8) = Ey [e™], (21)

and the expected value of y is given in terms of 1, (s) as

By = Y| (22)



Let y = log|X|, where p(X) = B} (X; a, b). The moment generating function
of y is

1y (s) =E[|1X]*] = / X [°p (X) dX (23a)
- / IX1°B7 (a, )| X%~ DL, 4 X |-+ ax (23D)

=35 (a,b)Bala+ s,b— s)
% /ﬁ;l(a—i—s,b _ s)|X|a+s—%(d+1)|Id +X|—(a+s+b—s)dX (23(3)

_ﬁd aﬁjzz /B (X; a+ S, b—s)dX (23d)
_Ba a(a+s,b—5) _ Ta(la+s)Ta(b—s) Tala+d) (230)
Ba(a,b) Ti(a+s+b—3s) Ty(a)La(d)
_Tala+s)Ty(b—s)
RO ON (230
The expected value of y is
E[y] = [log | X (24a)
B d(Ta(a+ S)Fd(b —3)) 1
= _ @) (24b)
dl4( a+s dl4(b—s)
_ ds C
N (I‘ (a+ s) d<b—5)>‘3_0 (24c)
:(dlong a+s) dlogF;ib—s)) y (244)
4 dlogT(a+s—(i—1)/2) L dlogT(b— s — (i~ 1)/2)
- < ; ds ds ) 5=0
(24e)
d
:Z (a—(i—1)/2) — o (b—(i—1)/2), (24f)

where 1o(-) is the digamma function, also called the polygamma function of
order zero. If p(Y) = GBY (Y; a, b, Q, 04), then Z = Q~1/2YQ~1/2 has pdf
BII(Z; a, b) [1, Theorem 5.2.2]. It then follows that

Eflog|Y|] =E [1og |Ql/29-1/2m—1/291/2\} (25a)
—E [mg 102] + log |2~ /2Y Q12| + log \91/2@ (25b)
—E [1og Q| + log \Q—l/Qm—l/?@ (25¢)
=log || + E[log | Z|] (25d)

d
=log Q] + Y v (a— (i =1)/2) — v (b= (i~ 1)/2) | (250)



3 Approximating a GB.-distribution with an ZW,-
distribution

This section presents a theorem that approximates a QB(IiI -distribution with an
IWg4-distribution.

3.1 Theorem 1

Theorem 1. Let p(X) = GBI (X; a, b, Q, 04), and let (X) = IWq (X ; v,V)
be the minimizer of the Kullback-Leibler (K1) divergence between p(X) and
q (X) among all TW 4-distributions, i.e.

¢(X) = argmin KL (p(X)|lg(X)). (26)
a(-)=TWa(")

Then V is given as

(vfdfl)(Qafdfl)Q

V= 2 ’

(27)
and v s the solution to the equation

d ) )
Z [¢0 <2a —1—21 —z) e <2b+21 —z)

i=1

o (”_j_i)]—dlog((”_d_l)ﬁa_d_l)>:07 (28)

where o(-) is the digamma function (a.k.a. the polygamma function of order
0). O

3.2 Proof of Theorem 1
The density ¢ (X) is given as

¢(X) Zargmin KL (p (X) ||q (X)) (290)
a(X)
=arg max /p(X) log (¢ (X)) dX (29b)
a(X)
=arg max /p(X) [— wlog2 + mlog\‘/\
a(X) 2 2
“logTy (”‘;1> - glog |X|+ Tr <—;X1V) ]dX (29¢)
—d-1 —d-1
=arg max — w=d=1d log2 + vod-t log |V|
a(x) 2 2
—d-1 1
—log Ty (”g) - ng log | X|] + Tr (—2 E, [X ] V) (29d)
=argmax f(v,V) (29e)
a(X)



Differentiating the objective function f(v, V') with respect to V gives

df(w,V) wv—d—1__, 1 _
f(;v):” VT - SE [x7. (30)

Setting to zero and solving for V gives

V=(-d-1)E, [X—l]’lz(”_d_l)z(;a_d_l)ﬁ (31)

where the expected value is calculated based on a result derived in Section 2.
Differentiating the objective function with respect to v gives

df (v, V) d 1 dlogly (=4=2) 1
=——log2+ -1 ——= — —E,[log|X 2
22—~ Slog2+ S log V] o 3 Evllog X (322
d ;
d 1 1 v—d—i 1
=——log2+ =1 - = —— )| = = E, [log|X]].
g2+ gloglVl =5 3w (g )~ 3B o ]
(32b)
Setting the result equal to zero gives
d v—d—1
0 =log|V|—dlog2 — E Yo (2) —E, [log|X]] (33a)

=1

d )
v—d—1
=log|V| —dlog2 — E o (2) —log ||
i=1

_i[wo (a—;(z‘—l))—wo (b—;(i—l)ﬂ (33h)

where the expected value of log|X| is derived in Section 2. Inserting V from
(31) gives

d .
0 =log[Qf + dlog <(U_d_ D(2a —d— 1)> —dlog2—Y 1o (W>
i=1

2b 2

S EE) W e

i=1

:dlog<<”_d—1)4(b2a—d—1)>

_zd: {wo <2a+21—i> o <2b+21—i> - <v—;l—z)] (35)

=1

which is the equation for v in the theorem.

3.3 Corollary to Theorem 1

Corollary 1. A closed form solution for v can be obtained using only (27)
together with matching the first order moments. The expected values of the



densities p(-) and q(-) are [1, Theorems 5.3.20, 3.4.3]

E, [X] :%_2%9, (36a)
Fq [X] - ;fi —2 - vv—_de_—12 = _QZ - 19' (36b)
Equating the expected values and solving for v gives
20—d-1 _ 9 2
v=(d4 1) et (37)
2b 2b—d—1
O

3.4 Remarks to Theorem 1

The equations for V' (27) and v (28) in Theorem 1 correspond to matching the
expected value of X! and log |X]|,

E,[X7'] =E, [x7'], (38a)
By [log | X[] =E, [log | X]]. (38b)

Notice that in Theorem 1, substituting a value for v into (27) gives the analytical
solution for V. The parameter v can be found by applying a numerical root-
finding algorithm to (28), see e.g. [2, Section 5.1]. Examples include Newton-
Raphson or modified Newton algorithms, see e.g. [2, Section 5.4], for more
alternatives see e.g. [2, Chapter 5]. In the following corollary, we supply an
alternative to root-finding to obtain a value for v.

Matching the expected values, as in Corollary 1, can be seen as an approx-
imation of matching the expected values of the log determinant (38b). Indeed,
with numerical simulations one can show that the v given by (37) is approxi-
mately equal to the solution of (28), the difference is typically on the order of
one tenth of a degree of freedom.

References [3, 1, 4] contain discussions about using moment matching to
approximate a QBZII -distribution with a ZWgy-distribution. Theorem 1 defines
an approximation by minimising the KL divergence, which results in matching
the expected values (38). The KL criterion is well-known in the literature for its
moment-matching characteristics, see e.g. [5, 6].

4 Approximating the density of V, with a W;-
distribution

This section shows how the distribution of a matrix valued function of the
kinematical target state x can be approximated with a Wishart distribution.

4.1 Theorem 2

Theorem 2. Let x be Gaussian distributed with mean m and covariance P,
and let Vi = V(x) € S'\*. be a matriz valued function of x. Let p(Vx) be the
density of Vy induced by the random variable x, and let q(Vx) = Wq (Vi ; s,5)



be the minimizer of the KL-divergence between p(Vy) and q(Vx) among all WW-
distributions, i.e.

q(Vx) £ argmin KL (p (Vi) |lg (Vx)) - (39)
a()=wW(-)

Then S is given as

1
§=_Cn (40)
and s is the solution to the equation
s d s—1+1
dlog (5) —;1/)0 (2) +Cy —log|Cyf| =0 (41)
where Cr = E [log |Vy|] and Cr; £ E[V,]. O
4.2 Proof of Theorem 2
The density g (Vy) is
q(Vx) =ar%§n)in KL (p (Vx) Il (Vx)) (42a)
a(Vx
=arg max /p(Vx)log(q (Vy)) dVx (42b)
q(Vx)
=arg max / (Vi) {—Sdlo 2 —logT (f)
E(VX) P{Vx 5 g gld 5

—d—1 1
— glog |S|+ szd-l log [V« | + Tr (—25’_1VX) }de (42¢)

2

d
=arg max /p(x) |:— % 10g2 — long (%)

q(Vx)
—d—1 1
—glog\SH-%log |Vx|+TY<—2S’_1VX>}dX (42d)
sd S s
7ar§€?x Ex [ 5 log2 —logTy (5) —3 log | S|
—d-1 1
+ ST log |V«| + Tr <251Vx> } (42e)
sd S s
=— 310g2 —logTy (5) — 510g|5\
—d-1 1

Let C; = Ex [log |[V«|] and C;; = Ex [Vy]. This results in

sd s s s—d—1 1,4
q(Vy) —&rﬁg)&x — ?1og2 —logly (5) ~3 log|S| + fcl + Tr (—25’ (CH>
=argmax f (s,95). (43)

q(Vx)



Differentiating the objective function f(s,S) with respect to S, setting the
result equal to zero and multiplying both sides by 2 gives

1
—sS71 4 87C ST =0 & S= SCur (44)

Note that the expected value for Vi under the Wishart distribution ¢(-) is
sS = Cy;. Thus the expected value under ¢(-) is correct regardless of the
parameter s. Differentiating the objective function f (s,S) in (43) with respect
to s gives

df (s, 5 1y 1 !
f(;s ):—710g2— 21/)0( s >—2logS|—|—2(C1 (45)

+1) 1 1
Z%( —! )—21og|<cn|+2<cf (46)

where we substituted S with (44) to obtain (46). Equating the result to zero
and multiplying both sides by 2 gives (41) in Theorem 2.

4.3 Corollary to Theorem 2

Corollary 2. C; and Cy; can be calculated using a Taylor series expansion of
Vx around x = m. A third order expansion yields

<N i d? log [V
Cr~log [Vl + D> o d|x | Py, (47a)
=1 j=1 J v =
A on d?Vy
Cir =V, + ZZ dxdx. Pij. (47b)
i=1j=1 I tlz=m

In (47) the i:th element of the vector x and the i,j:th element of the matriz
P are x; and P;j, respectively. Moreover, the matriz V., is the function Vi
evaluated at the mean m of the random variable x. O

The expected values taken via second order Taylor expansions of log|Vy|
and V4 around x = m are

dlog |V
B o V] x| o |Vm|+2 T -y
A d2log d?log [Vy|
+y 0N pay. (xi —ms) (x5 — my)
i=1 j=1 J vt Ix=m
=log |Vm|+zz . dX P (48a)
1=1j5=1 J v =
é(C[, (48b)



and

Ny de
Ex [Vx] NEX |:Vm + Z dx; (X’L - mz)
e d?Vy
S o m
1=15=1
e d2Vy
=V P;; 49
i 1—21]; dx;jdx; ! (492)
£Cyy. (49b)

Note that this is equal to a third order Taylor series expansion, because the
addition of the third order Taylor series terms would not change the results
above because all odd central moments of the Gaussian density are zero. Hence,
the error of the above approximation is of the order O (E,||x —m|*), i.e. the
error of a third order Taylor series expansion.

4.4 Remarks to Theorem 2

The equations for S (40) and s (41) in Theorem 2 correspond to matching the
expected values of Vx and log [V|,

» [Vx], (50a)

E, [log |Vl = E, [log | V]l (500)
Similarly to (28), numerical root-finding can be used to calculate a solution to
(41). Note that using a moment matching approach similar to Corollary 1 to find
a value for s is not advisable, since this would lead to further approximations
(because the true distribution p(Vy) is unknown), and would possibly require a

more complicated numerical solution. For s > d — 1 and any S € Si . there is
a unique root to (41).

4.5 Proof of unique root to (41)

To prove that (41) has a unique solution, we will first show that the optimization
function (43), which is what leads to (41), is strictly concave. From the definition
of the Wishart distribution we have s > d — 1 so the problem at hand is to show
that (43) is strictly concave with respect to s for s > d—1 and for any S € S .
Let S € S{ be arbitrary and define the function g(s) as

s s
g(s) = — (A§ +logTy (5)) +B (51)
where A and B, defined as
A =log(2) + log |S| - Cr, (52)

d+1 1
B:—%CI—FTI" (—251@H> , (53)

10



are constants with respect to s. Note that the equation under investigation, i.e.
(41), is nothing but the equation

Ly =0 (54)

A second order condition for strict concavity of a function is that the second
order derivative is < 0 on the function’s domain, see e.g. [7, Section 3.1.4]. We
thus need d2¢(s)/ds? < 0 for s > d — 1. The second order derivative of q(s) is

¥y ot (5)

i=1 k=0 ((% T2 )+k)2

where we have used the series expansion of the second order derivative of the
function log(T'(s)), see e.g., [8, Equation (1)]. For all s > d — 1 we have
d?q(s)/ds? < 0, and thus the function g(s) is strictly concave.

It now easy to see that

d?q(s)
ds?

I

li - .
im g(s) = —o0 (56)
Similarly we have

lim g(s) = —o0 (57)

since logT'(s) (and hence log T'4(s)) grows much faster than s as s goes to infinity.
Moreover, the function ¢(s) is both differentiable and bounded from above in
the interval (d — 1,00). Therefore, we can conclude that there exists a local
maximum of the function ¢(s) in the interval (d — 1,00) where (41) must be
satisfied. This local maximum is unique due to strict concavity.

5 Marginalising ZW(X|V)W(V) over V
This section presents a result that is similar to the following property [1, Problem

5.33]: if p(SZ) =Wy (S; n,X) and p(X) = IW4 (2 ; m, ¥) then the marginal
density of S is

—d-1
) =081 (x5, " v 0y). 8)

Theorem 3. Let p(X|V) = IWy (X ;v,V/v) and let p(V) = Wy (V5 s, 5).
The marginal for X is

—-d-1 S
X)=¢gBl! (x. 5 2=¢7° 2 _
p( ) gBd ( ’ 27 2 777 Od (59)

O

11



5.1 Proof of Theorem 3
We have p(X) given as

o) = [ = 2w, (X; v, Z) Wi (V' 5,8) v

(60a)

s i Ly emd-n/2
:/{2(3”%(1 (“) |X|2} - etr (—0.5X1V
2 ¥ ¥
sd S s -1 s—d—1 1
x {2 41, (5) \sp} V=5 etr(—0.55~1V)dV (60b)
—d—1 v e v
e
vts—2d— X_l
X /|V| B2 (—0.5( 5 —I—S_l) V) dv (60c)
-1
v—d—1 S v, s _ (vts—d—1)d _ (v—d—1)d
:{Fd<2>Fd(2)|X|2|S2} 2 2 gl 2
L 'u«#s;dfl
71 -
XQ%Fd v+s—d—1 X +Sil
2 Y
Xt 1
X [ WylViv+s—d—1, 5 +S dv (60d)
7d71 v s -1 v4s—d—1 v—d—1
Ara (g ra(g s e
vts—d— —d-1 B _vts—d—1
D ha e (”” . > ’(fyX) 1+S*1’ ? (60¢)
-1
v—d—1 S v s _ (v—d—1)d
e () )
d—1 g  wts—d—1
x Tg (”*“‘) 'Xl < + X> 51 (60f)
2 Y
s _1)+sEd—1
Dy (s254l) amna (’X_1’ ’? +X ‘5—10
= v—cl—l2 s v 2 z £ (60g)
La (*=5=) Ta (5) EGIEE
_wts—d—1
s
1 _(v—d—1)d |5 +X
=i Y 2 P v (60h)
Ba (3,57 X[ s
s—d—1 —stv_d-1
IX|= |X+2
Y .
- v—d—1 (601)
s v—d— S 2
Ba (5, =5) H
which, by [1, Theorem 5.2.2], is the probability density function for
—-d-1 8
GBY <X; soumem 2 0d>. (61)

2’ 2 ¥
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