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�� Linearize the fermentation model
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with Yx � ��� �g�cells per g�glucose� �max � ����h��� ks � ���
g��� Gin �
���g��� V �� � ��� V X�� � 
�g� G�� � ks around the nominal glucose feed
F ��t � F�e

��t� �� � ��ks� F�Gin � qG�ksVX���

Determine the reachability Gramian between t� � 
 and t� � �� Discuss also
how the �gain� and �timeconstant� of the glucose subsystem changes with
time� �
� p

�� Consider the periodic system

�x�t � ��sin t� �x�t

with period T � ��� Determine ��t� � and a periodic Lyapunov transformation
x�t � P �tz�t giving a timeinvariant z�system�

Would there exist initial conditions such that

�x�t � ��sin t� �x�t � u�t

has a periodic solution for u�t � sin t� �
� p

�� An electrical system consists of three circuits� each with a resistor and an
inductance in series� Assume also coupling between the inductances� Let the
�rst circuit be connected to a voltage source� and let the other two circuits be
closed� Thus the system can be described by

�sL� RI�s � e�U�s

where L is a positive de�nite symmetric matrix of nonnegative inductances�
R is a diagonal matrix of positive resistances� and eT� � �
� �� ��� Introduce a
realization and formulate the PBH�test for controllability� Assume for simplic�
ity� L��� � 
� R��� � 
� Discuss intuitive parameter combinations resulting in
lack of controllability� There are actually also some nonintuitive combinations�
Determine the reachable subspace and its dimension for
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Try �nally to get a general condition in terms of L���� L���� L���� L���� L��� and
R���� R��� �quite hard� �
� p

�



�� Assume in the previous example with parameters �
 that L��� � ��
�
���� As�
sume also zero initial currents� Consider the voltage function fu�t� t � �����g
required to achieve i�� � if � Determine the function um with minimal ��
norm� i�e� minimizing jjujj �

R
�

� u��tdt� Show how you may utilize the lyap�
command in Matlab� Which combination of currents if requires the maximal
and minimal jjumjj� �
� p

�� A linearization of the quadruple�tank process is given by
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with T � ���� �
� ��� ��� and b � ������� ������ ������ ������� Determine the
controller form� and a state feedback making the poles twice as fast� Determine
also a reduced order observer with poles at s � �
�
� and s � �
���� Is the
resulting controller� i�e� transfer function from y to u� reasonable� �
� p

�� Use Rugh�s method �Corollary 
��
� to get noninteracting control of the
quadrupel tank� Determine the Markov parameters and the relative degrees�

�� p

�� In the enclosed very recent paper is calculated among other things the singular
values of the controllabilitymatrix for a triple inverted pendulum� Assume that
the system is initially at rest� except for a deviation of � degrees in the third
link� Use the controller �
�� Check the closed loop eigenvalues and determine
the square integral of the control signal� Hint� Determine a Lyapunov equation
for the integral
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Use Matlab� c�d� to sample the system with sampling interval h � 
�ms�
Minimize the control signal norm to reach the origin in 
��� sampling intervals�
using the discrete time controllability Gramian Wc��� 
���� One idea would
be to �nd a recursion for Wc��� k� �� p
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