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Abstract—Synthetic Aperture Radar (SAR) equipment is an
all-weather radar imaging system that can be used to create
high resolution images of the scene by utilising the movement
of the flying platform. It is therefore essential to accurately
estimate the platform’s trajectory in order to get good and
focused images. Recently, both real time applications and smaller
and cheaper platforms have been considered. This, in turn, leads
to unfocused images since cheaper platforms, in general, have
navigation systems with poorer performance. At the same time
the radar data contain information about the platform’s motion
that can be used to estimate the trajectory and get more focused
images. Here, a method of utilising the phase gradient of the SAR
data in a sensor fusion framework is presented. The method is
illustrated on a simulated example with promising results. At the
end a discussion about the obtained results and future work is
covered.
Keywords: Extended Kalman filtering, navigation, Syn-
thetic Aperture Radar, auto-focusing, phase gradient.

I. INTRODUCTION

The method of creating high-resolution radar images by utilis-
ing the relative motion between imaged scene and a platform
that carries the radar, usually an aircraft, is known as Synthetic
Aperture Radar (SAR). Typically, during flight, radar echos are
collected along the trajectory and saved, giving the Real Aper-
ture Radar (RAR) image with low resolution, see Figure 1. The
partial sub images from the RAR image are then integrated to
obtain the SAR image with much higher resolution, [1]. This
integration can be performed in the frequency domain with
Fast Fourier transforms with its advantage of fast processing,
[2]–[7]. However, these methods have one major shortcoming,
they assume a straight flying trajectory in order to work. In
reality, the trajectory will newer be straight, and some other
method must be applied, or SAR images will be distorted and
back-projection is one of the most known ones, [8]. In the
back-projection procedure each saved radar echo, which is one
dimensional, is back-projected onto a two dimensional area.
In this way a low resolution image of the scene is obtained.
Now we can sum up all these back-projected images in order
to obtain the full SAR image. Figure 2 describes this procedure
in a schematic way. It is now clear that in order to perform the
back-projection operation the trajectory of the platform must
be known and deviations from the real trajectory will cause
the back-projected sub images to be shifted. The summation
operation of the sub images will then cause defocusing, which
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Figure 1: Real aperture radar image (magnitude of the raw
radar data) of the two point targets.
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Figure 2: Back-projection operation schematically described.
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(a) Focused SAR image of two point targets.
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(b) Unfocused SAR image of two point targets with σ = 1.5.

Figure 3: Example SAR images without and with perturbed
trajectory.

is one of the most common SAR image distortions. This is
illustrated in Figure 3, where Figure 3a is created using the
true trajectory, resulting in a perfectly focused image, while
Figure 3b is created using a trajectory where Gaussian white
noise wt ∼ N (0, σ2), σ = 1.5, is added to the cross-track
position of the platform.

The process of correcting for this distortion is called auto-
focusing and much effort has been spent on it during recent
years, see for example [9]–[13], [15], [16]. Traditionally, these
methods are open-loop type, meaning that the image is created
with assumptions of linear flight trajectory and focusing is
done afterwards in an open-loop way discarding possible flight
trajectory information. This is a consequence of the off-line
image generating process where the trajectory is no longer
interesting. In the setup where SAR images are generated on-
line, an idea is to use information from the image defocusing
and navigation system together. The approach is to fuse this

information in a sensor fusion framework and to try to obtain
the best possible solution to both navigation states and image
focusing simultaneously.

One approach to simultaneous navigation and auto-focusing
is to use complete SAR images to obtain a focus measure as
a function of the platform trajectory. This off-line approach
is examined in [14] with good results. Since essentially the
same information is contained in the raw SAR measurements
(RAR images), these can be used for the same goal, i.e. auto-
focus and extracting the platform’s trajectory, but in the on-
line setup. Raw SAR data contains phase delay information
(which is discarded during image formation), and it is that
information that is mainly used for auto-focusing. The methods
based on phase information are called Phase Gradient (PG) or
Phase Difference (PD) methods. An example of these methods
can be found in [16], where phase corrections are done by
estimating the phase error by shear averaging of the raw radar
data. Slightly different and expanded approach can be found
in [10] and [15] where the phase gradient is estimated after
the preprocessing of the complete SAR images. Recent work
based on phase gradient auto-focus is found in [13] where SAR
images are focused with means of the motion compensation
obtained from the phase gradient estimate and parametric
straight line fitting. One drawback of these approaches is
that they are all off-line and basically developed for high
frequency SAR systems, where some approximations simplify
the focusing process, see Section III for further discussion.

In this work, an on-line trajectory estimation and
auto-focusing method for a low frequency SAR system,
CARABAS [17], is proposed. The main approach is to fuse the
phase information from RAR images and inertial measurement
system in the sensor fusion framework and obtain good
estimate of the platform’s trajectory and in turn focused SAR
images. The information from the RAR images is essentially
the phase gradient while the inertial information is the acceler-
ation measurements. Note that high precision navigation aid,
like GPS, is not used in this setup. However, the proposed
method makes it possible to include such measurements as
well.

II. SENSOR FUSION FRAMEWORK

A standard approach when using sensor fusion framework is
to define a discrete time dynamical model of the system whose
states are to be estimated,

xt+1 = f(xt, wt) (1a)
yt = h(xt; θ) + et (1b)

where xt are states of the system, wt is system noise with
variance Qt, et is measurement noise with variance Wt, yt
are measurements, f( · ) describes dynamics of the system and
h( · ) is the measurement equation that relates measurements
and states of the system. θ is used here to explicitly denote the
parametrisation of the measurement equation. In most cases,
the dynamics (1a) corresponds to 6-DOF aircraft dynamics. In
order to present the main ideas of the proposed approach, the
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Figure 4: SAR geometry. The figure is not to scale.

much simpler 2-DOF model will be used here, [18],

xt+1 = Fxt +Gwt (2a)

F =

 I2 TI2
T 2

2 I2
02×2 I2 TI2
02×2 02×2 I2

 (2b)

G =

T 3

6 I2
T 2

2 I2
TI2

 (2c)

xt = [Xt Yt v
X
t vYt aXt aYt ]T (2d)

wt = [wXt wYt ]T (2e)

where T is the sampling time, X is the position in azimuth
direction and Y is the position in range direction, vX and
vY are the velocities in the X- and Y -directions respectively
and aX and aY are the accelerations in X- and Y -directions
respectively. wX and wY are the unknown forces acting in
the azimuth (X) and range direction (Y ) respectively. This is
just the discretisised double integrator dynamics. However, the
proposed methods are easily extended to the full 6-DOF model
with expense of increased complexity. Note that there are no
states for the rotation of the platform because the position
and orientation of the global frame is arbitrary and here it is
assumed to be aligned with the flight direction.

In order to apply the framework, an equation of the form
(1b) is also needed. To obtain such equation, the ideas from
PG method can be used.

III. PHASE GRADIENT AUTO-FOCUSING METHOD

A. Basics of the PG method
The basis for this approach is the fact that the phase delay of
the radar echo data is proportional to the range to the imaged
scene, which will vary hyperbolically as a function of time,
see Figure 4,

ϕt = −4π

λ
Rt (3)

where λ is the wavelength of the radar carrier. It is seen that
phase delay and range are proportionally related to each other.
That means that phase and range can be used equivalently, it
is only the factor −4π/λ that differs. We can now calculate
the time derivative of the phase delay and obtain

ϕ̇t = −4π

λ
Ṙt (4)

The range derivative, Ṙt, can be calculated by taking the time
derivative of the range Rt that can be expressed as a function
of the states, xt, according to the setup in Figure 4. From the
figure it can be seen that the range Rt can, with help from
cosine theorem, be expressed as

Rt =
√
R2
N + Y 2

t − 2RN sin (Ψ)Yt (5a)

RN =
√
R2
m + (Xm −Xt)2 (5b)

By using the chain rule we obtain

Ṙt =
−(Xm −Xt)v

X
t + Ytv

Y
t −RN sin(Ψ)vYt

Rt
+

+
Yt sin(Ψ)(Xm −Xt)v

X
t

RNRt
(6)

In the SAR applications where radar frequency is high or
antenna size is large, the lobe is narrow and an approximate
expression for the range and its gradient can be used without
much loss of accuracy. The source of the approximation in this
case is the fact that the synthetic aperture length, 2Xm, and
deviation Yt are much shorter than the range to the middle of
the scene, Rm. The range can then be approximated with the
Taylor expansion as

Rt ≈ Rm +
(Xm −Xt)

2 + Y 2
t

2Rm
− sin(Ψ)Yt (7)

where all the terms with R2
m in the denominator are neglected.

Now the range gradient can be calculated from this approxi-
mate expression. By using Xt = vX0 t and Yt = vY0 t+0.5 aY0 t

2,
i.e. the acceleration aXt is zero and velocity in X-direction and
acceleration in Y -direction are constant (reasonable assump-
tions for short aperture times) the gradient becomes

Ṙt ≈
−(Xm − vX0 t)vX0 + (vY0 t+ 0.5aY0 t

2)(vY0 + aY0 t)

Rm
−

− sin(Ψ)(vY0 + aY0 t) ≈ (8a)

≈− Xmv
X
0

Rm
− sin(Ψ)vY0 +

+

(
(vX0 )2 + (vY0 )2

Rm
− sin(Ψ)aY0

)
t (8b)

where terms in t2 and t3 has been neglected in (8b). The
PG methods try to estimate the slope and constant term
of this affine function in t from the raw data in order to
compensate for the phase delay error caused by the platform’s
unknown motion, as in e.g. [9] or [13]. This compensation
is then applied during image formation in order to focus the
image. For the time domain image formation approach, this is
equivalent to estimating the unknown motion. The assumption
made above about narrow radar lobe is not applicable to the
SAR systems which operate with low frequency. This will
imply that range gradient cannot be approximated with the
linear function except in the narrow band around zero phase
delay. Due to this, the method of fitting a linear function in
order to compensate for the phase delay error described above
will not work satisfactory for low frequency SAR. That is why
the exact expression for the range is used here.



If we look at the equation (6) we see that the right hand
side consists of states of the dynamical model, i.e. positions,
velocities and some (known) constants. The left hand side
of the equation is the entity that can be estimated from
the SAR data (either raw or partially processed) which will
be explained in the next subsection. This implies that we
have a measurement equation from the standard sensor fusion
framework in the form (1b) with θ = [Rm Xm Ψ]T , and some
standard sensor fusion methods, such as the Extended Kalman
Filter (EKF), can be applied.

B. Estimating the Phase/Range Gradient

In order to create measurements, yt, in (1b), we need an
estimate of the phase delay gradient. The phase delay gradient
estimation kernel, proposed in [16], is (superindex m stands
for measured)

ϕ̇mt =
1

T
arg

{∑
R

IRAR(R, t)I∗RAR(R, t− T )

}
(9)

where IRAR(R, t) is the complex RAR image, i.e. raw radar
data, see Figure 1, I∗ denotes the complex conjugate, R is the
range dimension, t is the azimuth (or time) dimension and T
is the time between radar pulses which is the inverse of the
pulse repetition frequency (here used as a sampling time). The
motivation for this approach is the fact that the complex raw
radar data, IRAR(R, t), can be written in polar coordinates as

IRAR(R, t) = |IRAR(R, t)|eiϕt (10)

where ϕt is defined in (3), see even [9]. The estimate (9) can
be then interpreted as the first order difference approximation
of the derivative ϕ̇t. This estimate can be calculated in a
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Figure 5: Simulated SAR image of the scene with 10 point
targets.

sequential manner, pulse by pulse and be interpreted as a
measurement yt for each time instance and used in the sensor
fusion framework. This estimation kernel is developed for the
high frequency SAR systems where phase gradient can be
approximated with a linear function. Since this is not the case
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(a) Range derivative, the whole trajectory.
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(b) Range derivative, only the last few seconds of the trajectory.

Figure 6: Range derivative estimated from data (dotted line)
and calculated with the analytical expression (solid, dashed
and dot-dashed lines). Solid line curve is generated with
correct trajectory, while dashed is not. Dot-dashed line is
generated with approximated expression in (8b).

in the low frequency SAR system some other method must
be applied. If seen in the context of back-projection and sub
image processing described in Section I, if each radar echo is
used to generate a sub image, the complete SAR image is then
simply the sum of all sub images. Each sub image is created
with some assumption about range from the platform to the
scene, either correct or perturbed, and the raw data contain
information about the correct range. This in turn means that
each (complex valued) pixel in the back-projected sub image
will contain information about the range between the platform
and the scene. Nevertheless, due to the phase wrapping effect
in the complex number arithmetic, the absolute value of the
range cannot be obtained. However, it is possible to estimate
the range derivative from the consecutive sub images in a



manner similar to (9) in the following way

ϕ̇mt =
1

TM2

M∑
i=1

M∑
j=1

arg
{
Ĩij(t)Ĩ

∗
ij(t− T )

}
(11)

where Ĩij(t) is the complex M×M sub image generated from
radar echo t, see Figure 2, and T is the time between radar
pulses as before. This is basically an estimate of the average
range to the centre of the imaged scene. The sub image is
created with an assumption of straight and constant velocity
trajectory with nominal state values. Note that it is only raw
data used for the image generation that is summed here, not
the whole range dimension as in (9). This is important, if
the image to be created is not the same size as the raw
data. Range gradient estimated with (11) for the image in
Figure 5 is illustrated in Figure 6 (plotted with dotted line)
together with analytically calculated range gradients based on
(6) (plotted with solid and dashed lines). The one plotted
with solid line is based on the correct trajectory, i.e. data
are collected with the same trajectory used for the analytical
expression. For the range gradient plotted with dashed line
another trajectory, different from the one used for collecting
data, is used. As a comparison, range gradient obtained with
the approximated expression (8b) is plotted with dot-dashed
line. It is clearly seen that despite correct states are used, the
values of this analytical expression deviate from the estimated
range gradient in the beginning and the end of the trajectory.
This further motivates use of the complete expression for the
range gradient, (6). All this gives that the estimate of the
range gradient (11) can be interpreted as a measurement yt and
together with (6) as h(xt; θ) a standard EKF can be applied.

IV. EKF AUTO-FOCUSING AND EVALUATION OF THE
PERFORMANCE

A. Extended Kalman Filter
Given the dynamical and the measurement models of the
system as in (1), the EKF is defined by the following recursive
steps, [19], [20],

x̂t+1|t = f(x̂t|t, 0) (12a)

Pt+1|t = FtPt|tF
T
t +GtQtG

T
t (12b)

Ft =
∂

∂x
f(x,w)

∣∣∣∣
x=x̂t|t, w=0

(12c)

Gt =
∂

∂w
f(x,w)

∣∣∣∣
x=x̂t|t, w=0

(12d)

x̂t|t = x̂t|t−1 +Kt(yt − h(x̂t|t−1)) (12e)
Pt|t = Pt|t−1 −KtHtPt|t−1 (12f)

Ht =
∂

∂x
h(x)

∣∣∣∣
x=x̂t|t−1

(12g)

Kt = Pt|t−1H
T
t (HtPt|t−1H

T
t +Rt)

−1 (12h)

Here x̂t|t is the estimate of the states in the time t given all
the measurements up to the time t and x̂t|t−1 is the estimate
of the states at time t given all the measurements up to the
time t−1. Pt|t and Pt|t−1 are their respective covariances. Qt
and Rt are considered tuning parameters.

B. Measurement Model

The measurements are the range gradient Ṙmt obtained from
(11) and scaled with factor −4π/λ, and the accelerations in
X- and Y -direction. The measurement equation becomes ãXtãYt

Ṙmt


︸ ︷︷ ︸

yt

=

aXtaYt
Ṙt


︸ ︷︷ ︸
h(xt;θ)

+

ea
X

t

ea
Y

t

eṘt


︸ ︷︷ ︸

et

(13)

where ãt is the measured acceleration, Ṙt is defined in (6)
and et is white Gaussian noise with covariance matrix W =
diag{Wa, Wa, WṘ}. In order to use EKF, the Jacobian of
the measurement equation with respect to the states, ∂h/∂x
is needed. For the measurement equation above, the Jacobian
is (omitting time index for readability)

H =
∂h

∂x
=


∂h1

∂X
∂h1

∂Y
∂h1

∂vX
∂h1

∂vY
∂h1

∂aX
∂h1

∂aY

∂h2

∂X
∂h2

∂Y
∂h2

∂vX
∂h2

∂vY
∂h2

∂aX
∂h2

∂aY

∂h3

∂X
∂h3

∂Y
∂h3

∂vX
∂h3

∂vY
∂h3

∂aX
∂h3

∂aY

 (14)

and the nonzero elements are (with sin(Ψ) = sΨ)

∂h1

∂aX
=1 (15a)

∂h2

∂aY
=1 (15b)

∂h3

∂X
=
vX + (Xm−X)vY sΨ

RN
− Y vXsΨ

RN
+ (Xm−X)2Y vXsΨ

R3
N

R
−

−
L(Xm −X)

(
1− Y sΨ

RN

)
R3

(15c)

∂h3

∂Y
=
vY + (Xm−X)vXsΨ

RN

R
+
L (Y −RNsΨ)

R3
(15d)

∂h3

∂vX
=−

Xm −X − (Xm−X)Y sΨ
RN

R
(15e)

∂h3

∂vY
=
Y −RNsΨ

R
(15f)

L =(Xm −X)vX − Y vY + vYRNsΨ−

− (Xm −X)vXY sΨ

RN
(15g)

C. Numerical Results

Using the dynamic model (2) and the measurement model
(13), an EKF has been applied to two cases, one where range
gradient measurement has not been used and one where it
has. In order to simulate somewhat more realistic acceleration
measurements, a bias of 5 · 10−3 m/s2 is added to the X-
direction and −5 · 10−3 m/s2 to the Y -direction in addition
to the i.i.d. Gaussian noise, eat ∼ N (0, 3.6 · 10−3). The bias
and measurement noise values are chosen as representative for
the inertial sensors in the interesting performance class. The
performance is then assessed in terms of Root Mean Square
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Figure 7: RMSE for the estimated position and velocity for the
example scene. X is the azimuth (or along track) dimension
and Y is the range (or cross track) dimension.

Error (RMSE) of the trajectory and mean of the error SAR
image power. The RMSE is defined as

RMSE(x̂t) =

√∑N
k=1(x̂kt − xt)2

N
(16)

where x̂t = [x̂1
t , . . . , x̂

N
t ]T , are unbiased estimates of the

scalar parameter xt (which is a function of time). The error
SAR image power is defined as

EÎ =

∑M
i=1

∑N
j=1 |Îij − Iij |2

MN
(17)

where Î is the M ×N complex SAR image obtained with the
estimation procedure and I is the perfect focused SAR image,
i.e. created with the true trajectory.

The RMSE for the position and velocity based on the 30
Monte Carlo EKF runs as a function of time for cases with and
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(a) Image of the example scene created with trajectory from the pure inertial
estimate.
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(b) Image of the example scene created with trajectory from the estimate with
range gradient as additional measurement.

Figure 8: Images of the example scene created with estimated
trajectories with and without range gradient measurement.

without range gradient measurement is depicted in Figure 7a
and Figure 7b. The mean of the SAR error image power
obtained from these 30 Monte Carlo runs is 384.1 for the case
with range gradient included as a measurement and 2690 for
the case with only inertial measurements. The resulting images
created with one of the 30 estimated trajectories are depicted
in Figure 8. The error image power is 2620 for the image in
Figure 8a and 323 for the image in Figure 8b. These images
clearly show that addition of the range gradient measurement
improves the image focus and the estimate of the navigation
states, especially compared to the pure inertial estimates.

As a comparison, an approximate expression of the range
derivative (8a) is used as h(xt; θ) in a measurement equation
and EKF is run. In order to obtain the measurement equation
as a function of the states, Xt = vX0 t, Yt = vY0 t + 0.5aY0 t

2

and vYt = vY0 + aY0 t are used giving the nonzero elements of
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the Jacobian (14) as

∂h1

∂aXt
= 1 (18a)

∂h2

∂aYt
= 1 (18b)

∂h3

∂Xt
=
vX0
Rm

(18c)

∂h3

∂Yt
=

vYt
Rm

(18d)

∂h3

∂vYt
=

Yt
Rm
− sin(Ψ) (18e)

The results from this simulation are presented in Figure 9.
It can be seen that estimate with exact expression has much
better RMSE value than the one with approximate expression
which is even worse than pure inertial estimate. Here, the
tuning of the measurement noise, Rt, was changed to eight
times higher value in order to get somewhat comparable values
(same tuning produces RMSE values in order of 20 m).
These results clearly demonstrate the importance of the exact
expression for the range derivative.

V. CONCLUSIONS AND FUTURE WORK

Here, a method of simultaneous navigation and low frequency
SAR auto-focusing based on a sensor fusion framework is
presented. The basis for the approach is the gradient of the
range between flying platform and the scene which is used as
a measurement in a nonlinear filtering setup. It has also been
shown that it is important to use the exact expression for the
range gradient instead of the linear approximation common in
the high frequency SAR where the lobe is narrow. The average
performance in terms of the trajectory RMSE and the focused
images is significantly improved compared to the ones based
on pure dead-reckoning, without high precision navigation aids

like GPS. The RMSE of the position has been largely reduced,
as well as of the velocity. The image created with the range
gradient supported estimate is hardly distinguishable from the
correct image, see Figure 8b and Figure 5.

The evaluation of the proposed methods is, at the moment,
only done with the simulated SAR and inertial data. In this
way, the ground truth is readily available and the evaluation of
the performance easily done. However, in order to fully assess
the method, the real SAR and inertial data shall be used, and
this is the next step in this work.
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