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A General Convergence Result for Particle Filtering

Xiao-Li Hu, Thomas B. Schon, Member, IEEE and Lennart Ljung, Fellow, IEEE,

Abstract—The particle filter has become an important tool in solving
nonlinear filtering problems for dynamic systems. This correspondence
extends our recent work, where we proved that the particle filter con-
verges for unbounded functions, using L*-convergence. More specifically,
the present contribution is that we prove that the particle filter converge
for unbounded functions in the sense of LP-convergence, for an arbitrary
p > 2.

I. INTRODUCTION

The main purpose of the present work is to extend our previous
results on particle filtering convergence for unbounded functions [1],
where we, for simplicity, only proved L*-convergence. Here, we
will prove LP-convergence for an arbitrary p > 2, of the particle
filter. This requires some nontrivial embellishments, which form the
contribution of the present work, including the introduction and use
of a new Rosenthal-type inequality [2].

The particle filter provides a solution to the nonlinear filtering prob-
lem, which amounts to, recursively in time computing an estimate of
the state in a dynamic system,

(1a)
(1b)

Tep1 = fr(xe, ve),

Yt = ht(xt,et).

Here, x; denotes the state, y; denotes the measurement, v; and e;
denote the stochastic process and measurement noise, respectively.
Most estimation algorithms aim at computing an approximation of
the conditional expectation

E(p(ze)lyi) = / (@ p(adyne)da, @

where 31.+ £ (y1,...,%:) and ¢ : R"™ — R is the function of
the state that we want to estimate. The particle filter computes an
approximation to (2) by forming an approximation of the filtering
distribution according to

PN (Tt|y1:¢) i (dze), (3)

Z wid,
where each particle 2} has a weight wi associated to it, and & (-)
denotes the delta-Dirac mass located in x.

The first complete particle filter was introduced by Gordon et al. in
1993 [3]. Since then the particle filter has become an important tool in
solving complicated estimation problems. For more information about
the particle filter we refer to the text books [4]-[6] and the survey
papers [6]-[10]. When it comes to convergence results for the particle
filter the book [11] contains a lot of useful results. Furthermore, the
excellent survey papers [12], [13] are very informative.

The outline of the paper is as follows. In Section II we briefly intro-
duce the models, the optimal filters that we are trying to approximate
and the particle filter. However, these sections are intentionally rather
brief, since a more detailed background using the same notation is
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already provided in [1] and the related technical report [20]. The main
result is then presented and proved in Section III and the conclusions
are given in Section IV. There is also an appendix containing the
necessary auxiliary lemmas.

II. BACKGROUND

In order to understand the general convergence result proved in
the present work we will here briefly explain the background when it
comes to models and optimal filters in Section II-A and the particle
filter in Section II-B.

A. Models and Optimal Filters

In order to develop the theory below we need to represent the
nonlinear system (1) in a way that facilitates the use of the relevant
theoretical tools. We are concerned with two real vector-valued
stochastic processes X = {X;}iv; and Y = {Y;}{',, which
are defined on a probability space. The n,-dimensional process X
describes the evolution of the hidden state and it is a Markov process
with initial state X and an initial distribution 7o (dzo). Furthermore,
a Markov transition kernel K (dz¢41|z:) is used to model the state
evolution over time according to

P(Xip1 € AlXy = m) = / K(dzeyi|ze), )
A

for all A € B(R™*), where B(R"*) denotes the Borel o-algebra
on R"™. The mn,—dimensional process Y describes the available
measurements, which are assumed conditionally independent given
the states and

B

We assume that K (dx:41|z:) and p(dy:|x:) have densities with
respect to a Lebesgue measure, allowing us to write
P(XtJrl c dazt+1|Xt = l't) = K(mt+1|$t)dmt+17
P(Y: € dy| Xy = a1) = p(ye|ae)dye.
Since we are trying to approximate (2) we are indirectly interested
in finding approximations of the filtering distribution, i.e., the distri-

bution of the state conditioned on the measurements 7, (dz;) which
is ideally given by

Tyje—1(dz,) = / Ty—1je—1(dee—1) K(dw|ze—1), (7a)
R™x

p(yelze)mepe—1 (dae)
fRnn (Yel ) me) o 1(dxy)

In the interest of a more compact notation, let us introduce the
following. Given a measure v, a function ¢, and a Markov transition
kernel K, denote

(v,6) 2 / o) (de), - / K(dz)é(z). ®

This implies that E(¢(z¢)|y1:¢) = (m4je, ¢). From (7) we now have
the following recursive form for the optimal filter E(¢(z¢)|y1:¢),
(ﬂ'tlt—hﬁb) = (Wtfl\t—la K¢), (%a)
(Wt\tflv op)
T, @) = ———.
( o ¢) (7Tz|t71’P)

(6a)
(6b)

ﬂ—t|t(dxt) (7b)

(9b)
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B. PFarticle Filters

The particle filter we are concerned with in this work is given in
detail in Algorithm 1 below.

Algorithm 1: Particle filter
1) Initialize the particles, {x)}/; ~ mo(dxo).
2) Predict the particles by drawing samples,

N
Ty~ E s K(
=

3) If & ZZ L P(ye|Ti) > ¢, proceed to step 4 otherwise
retum to step 2.

4) Rename #! = 7, compute wi = p(y:|#;) and normalize
wt—wt/zJ Jwi fori=1,...,N.

5) Resample, z; ~ ﬂt‘t(dxt) = va | Wi, si(dre), i =
1,...,N.

6) Sett:=t4 1 and repeat from step 2.

daxl ), i=1,...,N.

The particle filtering algorithm given above is different from the
standard particle filter in two ways. The first difference is that we
have, in step (2), introduced the weights o, satisfying

N N
j=1 i=1

These weights allows us to represent two slightly different particle
filters at once. More specifically, when ozé- =1forj =1, and a;- =0
for 7 # 4, the sampling method is reduced to the original particle
filter introduced by [3], see also e.g., [6], [14]. On the other hand,
when oz§ = 1/N for all 4 and 7, it turns out to be a convenient form
for theoretical treatment, as used by nearly all existing theoretical
analysis, see e.g., [11]-[13], [15]. Let us also point out a useful
formula for future use. In step (2), when sampling Zi from the
distribution Y~ | o} K (da¢|x]_,), we have

1 N N N ,
N 2 D K (dada] ) = Z(Za;K<dxt|le>>
=1

i=1 j=1 =1

10)

N
1 .
= S Kol ) = (w1, K). (1)
j=1

The second difference worth commenting is that we in step (3) require

that the sampled particles {Z;}; satisfies
1< :
~ 2 PwelTt) = 3 >0, (12)
i=1

where the real number ~; is selected by experience. If the above

inequality holds, the algorithm proceeds to the next step, whereas if

it does not hold, we regenerate {ft}l 1 again until (12) is satisfied.

After renaming {Z;}X; by {Zi}]L,, the requirement is
1

) = D p(wlit) = v > 0.

=1

(~N

Tt|t—15 P (13)

The requirement is used in the proof of the main results of this paper.
Furthermore, from the more practical side, it helps in reducing the
risk of filter divergence.

III. GENERAL CONVERGENCE RESULT

In this section we consider convergence of the particle filter,
Algorithm 1, to the optimal filter

E(¢(€Et)|y1:t) (14)

in the case where ¢ is an unbounded function. It is also worth noting
that all the stochastic quantifiers below (like E and “w.p. 1) are with
respect to the random variables related to the particles. Below we list
the conditions that we need in order to establish the convergence
result.

HO. For given y1.5, s = 1,2,...,t, (Tgs—1,p) > 0, and the
constant v, used in the algorithm satisfies 0 < vs < (75)s—1,p), 8§ =
1,2,...,t

H1. p(ys|zs) < o0; K(zslzs—1) < oo for given yi.s, s =
1,2,...,t

H2. For some p > 1, the function ¢(-) satisfies
sup,_ |¢(xs)[Pp(ysles) < C(yi.s) for given y1.5, s = 1,... L.

Let us denote the set of functions ¢ satisfying H2 by L% (p). Denote
the maximum norm || o(x)|| = max, |o(z)| for any bounded function
of z = (z1,...,x+) with respect to fixed yi,...,y:. For example,
we have ||p|| < oo and || K|| < oo by HI, and ||¢”p|| < oo by H2.

Remark 3.1: Based on (9b) we see that (m,,—1,p) > 0 in HO is
a basic requirement for the optimal filter E(¢(x+)|y1:¢) to exist.

Remark 3.2: By the conditions (mss-1,p) > 0 and
sup,_ |p(zs)|[Pp(ys|zs) < oo, we have
(7Ts|57179|¢|p)
Tsls, |97) = ~————=—- < o0. (15)
( | | ‘ ) (Ws\s—hp)

Theorem 3.1: 1f HO-H2 hold, then for any ¢ € L¥(p) and p >
2,1 < r < 2, and sufficiently large N, there exists a constant Cy,
independent of N such that

81175
Np—p/r’

E|(xf8) = (e, 8)| < Cup (16)
where ||¢||¢,p 2 max {1, (155 [0IP)/P, s =0,1,... ,t[}

Proof. The proof is carried out using an induction framework,
similar to the one introduced in [12] and further used in [1].

1: Initialization Let {z}}]_, be independent random variables
from the distribution mo(dxzo). Then, with the use of Lemmas A.1,
A.2 and A.3 (note that A here implies that the lemmas are to be
found in the Appendix) we obtain

N p
Bwd,6) = (m0,0)|” = 572 |3 o(6(55) - Elo )
. | 1:‘1
Z El¢(xo) — El¢(xo)]|”
N - ) . p/T
ZE|¢(UCB)—E[¢($B)]|T] ]
p_ E i\|p Ep/'r Q|7
o[BS B
ool s, W

Note that in the last two inequalities ¢ referes to an arbitrary i =
., IN. Similarly,

L, a ,
E|(x',1617) = (o, 1617)| < B [S_(I6(@d)l” — Blg(ab)[?)
i=1
< 25(g(ah)" as)
Hence,
B|(xd',16")| < 3EI6(@d)” £ Molléllp,-  (19)

2: Prediction Based on (17) and (19), we assume that for £ — 1
and V¢ € LY (p)

[6117-1,p

P
E l(ﬂﬁl\z—h(f’) - (7rt71|t—17¢)‘ < Ct71|tflm (20)
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and

B | 1o, 1617)| € Meajuallolfo, @n
hold for sufficiently large IV, where Cy_1);,—1 > 0 and M;_,—1 >
0. In this step we analyze F |(7~rt]\"t_17 @) — (Tyje—1, ¢)|p and
E| 7"t|t 17|¢|p)’~

Proposition 3.1 given below shows that the modified algorithm will
not run into an infinite loop. Let F¢_1 denote the o-algebra generated
by {zi_,}/,. Notice that

- A
(ﬂ-t]\(t—lv(:b) - (Wt|t—17¢) =1 + Iz + 15,
where
A N
Hl:(ﬂ—tlt 1,®) — Z ( & ) Fe— 1)7
N N - N
I, = NZE( (Z)| Fi— 1) - tN‘fft L Ko),
=1 =1
Al al
HB = N Z(W,f\i(;ﬁ,l?KqS) - (Wt\tflvd))?

Il
=

k3

and T, "1"‘; 1= Z =10 6 . Below we will consider the three
terms II;, II2 and II3 separately, but first we point out some basic
facts which are needed in the analysis. Let {xi_,}~, and y; be
given, then we know from Algorithm 1 that Z} obeys (7}, K),

t—1|t—1°
i=1,...,N,

El¢(z1)| Fi] Za K¢l ) = (m 5, K¢).  (22)
Based on (22) and (11), we have
1 & ; 1
E <N > plyelz) fu) = (m S Kp)
i=1 i=1
= (Wt—l\t—th)' (23)

Note that {Zi, ¢ = 1,...,N} are particles generated without
any modification and {Z, 4 = 1,..., N} the modified particles by
(12). The term II2 denotes the difference between these two series
of particles. Lemma A.5 can now be used to analyze the terms II;
and II» introduced above, since (40) of Proposition 3.1,

(24)

N
1 i
N > plyilr) < %} <e <1
i=1
holds for sufficiently large N.

By Lemmas A.1, A.2, A.5 (conditional case), (22) and (11),

P
’]:t1>

N

S [8(E) — E(o(#)|Fier)

i=1

1
E(IL"|Fim1) = 77 B (

ZN:E (’cé(a?t) P |]—"t_1) + <iE ((qﬁ(ii)
e [ZE(W%)

N p/T
+ <ZE (Joad| |ft1)> }

| Fe 1)

3
2710 N,o; P
= ]W[Zl( Ty 1“_1,K|¢| )
N p/T
N,o; r
+ (Z (5510 Kol )> ]
i=1
2wC(p) [(ypemn, K[P) (w1, Klo|)P"
T (L—e)r/r Np—1 Np—p/7 :
Hence, by Lemma A.3 and (21),
g < ZECOIEI My 19y & o 1908,
1 = (1 _ €t)p/'r NP— p/r 11, Np*p/’r .
(25)

By (22)-(24), applying Lemma A5 to ¢ = & "N | ¢(&}) and n =

. C, p
LN o) with ¢ = SNt < ¢ < 1 (by (23) and (38)
and the generation of {Z}} in the algorithm), we have

P = ZE( #)|Foe 1)7—ZE( DIFie 1)p
<4 i)p Nﬁ: () ‘E 1}
< e @EU 7
e o

'YthHtfl,p Pt al a; KlolP
Np(l—l/r) Z t 1|t 1 ‘¢| )

= i)p <

(s K191

< Crh

where
—1

2v (C’Yt HpH?—l,p)p
(1 — 6t)p

Here, Lemma A.5 is applied in the second line and in the third line

we use Jensen’s Inequality. Hence, by (21) and the above formula

H¢Ht 1,p

4
Chn, =

p .
BL" < Cn, - <=7 (26)
where Cri, = Crp, My_1)¢—1||K]||. By (11) and (20),
I2l7-1p & 1811F_1,
EI" < Comypen | KN - 5578 = Cng - 578 @)

Then, using Minkowski’s inequality, (25), (26) and (27), we have

P
EY/P (ﬂ't\t L) — (Wt\z—17¢)‘ < El/p‘H1|p +E1/p‘H2|p

+E1/P|H ‘P < (Cl/P+Cl/P+Cl/P) ||¢Ht—171)

N1-1/r
1p 1Blle=1,p
_Ct|tp1 N1-1/r "
2That is
F 5 ol
| ' 1)> E‘(ﬂ—t\t 17¢) (Wt\t 1,¢)’ Sc\t 1 Nptpi;p (28)
Let us now derive the fact that
E (71, 1017) = (e, 8)| < Mgeallol—r,e @9)

where

~ 4—€
tgems 2 ($25 4 2) IKIP Mol
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using a separation similar to the one above. By Lemma A.5 and (21),  which implies

. p_ = 9l
E((E (i1, 191" ZE<|¢ P Fea )| |Fie 1]> B|(7}6) = (mu )| < Cuupryar- (33)
1 N Using a separation similar to the one mentioned above and (29) results
= v <E > lls@l - Bo(h P17l |7 D in -
- i1 plol”
N . Tty Tt|ts P\l < E (7 R A= AT
<2p <Z oGP an) B |(&1017) = (roes 817)| < B |G l617) — e
1= ~N
9 ' N _ +E M — (e, |6]P)
< v B D Elle@nlIFe)] (muje—1, )
N(l*ﬁt) —, - »
9 - 5 < Mucallol Qlod”l +90) g
S 1— ¢ E(ﬂ—tj\il\tflaKlqﬂp) S 1 _7& ”KHthflIt—lHQZ&”f,l,p- - ’Yt(ﬂ't\t—lap) t—1,p*

(30)  Now, observing that ||¢||s,, is increasing with respect to s results in

(Flhslol)] < N2+ (i 67),
1 al ‘ ’Yt(ﬂ't\t—hp) P
E )P\ Fioa | - E )IP|F )
N Z [ewirizi- 1} w2 P (etr) o (Mol et 90 Y e 2
1 X N Ye(Teje—1,p) b = Mol
e[ 35 (p (etain) -2 (st )

5: Resampling Finally, we analyse E |(7Té\‘;, @) — (Teje, D) }p and

N
1 i i
< N ZE (E (|¢(1’t)‘p|ft—1) +E (|¢($t)|p|]:t—1)) E(7rtN|t, |¢|?) based on (33) and (34). Let us start by noticing that
i=1
N N 5 _
1 1 N,a; (Wt\ta¢)—(7rt\t,¢) =II; + I,
< +1)- =S BN Kol
“\1l—€ ) N; ( t—1|t—1 |¢‘ ) where
=22 B s K16l) AN N o A N
- t—1]t—1> Iy = (m)e, @) — (Fype, @)y U2 = (e, ) — (Mot ).
i:zt KNP My ape—al|@lE—1 - 31 Let G; denote the o-algebra generated by {#:}},. From the

generation of z%, we have, E(¢(x})|G:) = (7~rtN|t, @), and then
By (21) and noticing (23), we have

o = x o(x)|G
N ‘ (7TtN,’1|t,17K\¢|p) — (mee-1, |0[") th NZ 2 01G0)-
< ||KH (Mt -1+ D]oll7_1 (32) Now, using Lemma A.1 and Lemma A.2, we obtain
P
N P
Then, by (30) (31) and (32), we have now proved (29). = 1 i i
3: Update In this step we analyse E ‘(frtl\‘ft,qﬁ) - (wt‘t,qﬁ)‘p and E(IL["1G) = ﬁEgt Zl(d)(mt) — E(¢(z)1G4))
(7rt|t, |¢|?) based on (28) and (29). First, let us introduce the ’ _
following separation <2°C(p) [NP 1 (‘¢($;)‘p|gt)
~ N 1 )
Us — 1 —1s ~ ~ - 7 s
(N, 8) — (0 9) = ( f‘;, 1PP) (M-t p9) — 0 + T, + Np(l_l/T)E (|¢(xt)| |Qt”.
(T(”t_lvp) (ﬂ-tlt—lap)
Thus, by Lemma A.3 and (34),
where »
i, 2 (ﬁ’ﬁpuqu) B (ﬁﬁt717p¢) i, 2 (fri\\ft71ap¢) ~ (meje—1, p9) EIL|? <2Pt'C (p)Mm% (35)
(7~TtN|t,17P) (7Tt|t717P) ’ (7Tt|t717ﬂ) (ﬂ_t\tflvp)r
hen by Minkowski’s inequality, (33) and (35)
By condition H1 we have " , ,
i i EY? (. 6) — (ms, ’<E1pf[p+E1p1=[p
|ﬁ |_ (Wi\\]t—upd’) [(Wﬂt—hp) _ (ﬂ'ﬁt—lﬂp)] (7Tt\t d’) (7Tt\t d’) = | 1| | 2|
1| — ~ ° ~ ~
(ﬂ'ivhsfpp) (Teje—1,P) < ([2p+1C(p)Mt‘t}1/p + Ctllip) %
llpoll ‘ N ‘
< —————— |(mye—1,p) — (T1e—1, )| - A ~/p [18llep
- FYt(ﬂ-t‘tfhp) ( fe-t p) ( fe-1 p) - Cﬂt lel/'r"
Thus, by Minkowski’s inequality and (28), That is
P ~ ~
B ~ (@) < BV + BV o el
(W”“qs) (mej2: 0) ITL]” + || E ‘(ﬂ'f\(t»@ — (e ¢)‘ < Cype Np—iif' (36)

1
CHEllell Upgll +90) -,

Using a separation similar to the one introduced above and (34) gives

Ye(Teje—1,P) N1=t/r us
A ~1/p |Blle—1,p
=G i B |(xif, 1617) — (e, 1617 < (s [6°) + (g, [617) < (Ve +1)

117,
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Hence,
~ A
E ‘(mﬂvm [o[")] < (Mye + D9, = Muell@ll? - B

Therefore, the proof of Theorem 3.1 is completed, since (20) and (21)
are successfully replaced by (36) and (37).

By the Borel-Cantelli Lemma and Chebyshev’s inequality, we also
have a convergence result as follow.

Theorem 3.2: In addition to H1 and H2, if p > 2, then for any
function ¢ € LY (p), limNﬁoo(ﬂ'fV‘t, ¢) = (myt, @) almost surely.

The proposition below guarantees that the requirement (12) does
not result in an infinite loop in Algorithm 1.

Proposition 3.1: The particle filtering algorithm given in Algo-
rithm 1 will not run into an infinite loop for sufficiently large N
under the conditions of Theorem 3.1.

Proof. Based on the starting point (20) in the step 2 of the proof of
the main theorem, we have

P [(Wt]\int—qu) < ’Yt]
=P |:(7Tt]\i1|t—17Kp) — (me—1p—1, Kp) <y — (7Tt71|t—17Kp)i|

< P [l(ﬂﬁl\tfh KP) - (ﬂ-t71|t—17Kp)| > |’Yt — (7Tt71|t,1,Kp)|i|
E‘(ﬂ't]\il\z_uKP) - (7Tz—1|t—17Kp)|p

[yve — (7Tt71|t717 Kp)|r
o ComnlEIP el s e,
= v — (me—1je—1, Kp)[p Np(A=1/7) 7t Np(1-1/7)"

Obviously, the probability in (38) tends to 0 as N — oco. We will

now prove that
E(m 11, Kp) > e, (39)

for large enough N. Note that since 0 < ~y; < (myj4—1, p) (condition
HO), there exits a ; such that 0 < v; < v; < (my¢—1, p). Following
the same steps as above, we have

P[(ﬂ'ﬁl\thKp) <=
Then for sufficiently large N, we have

Pl(r 11, Kp) < 7] <1— j—
t

O(1/NPI=Hmy g,

Thus,
~
P[(ﬂ-é\il\tfth) > 72] > *t
Tt
For notational simplicity, define ¢ £ (71" 1jt—1, K p) and use fc(-)
to denote the density function of . Let us now prove E( > ~; for
(39). Now,

o= fotoe=(f /M)m

_/ wfe(z)de > v P[C> v > v - :’Yt:
[¢>7]
which is (39). Here, we have used the the fact that ¢ > 0 by noticing
that Kp > 0.

By a basic fact of Algorithm 1 demonstrated by (23) and the above
formula (39) we know that

NZp yel ) ] = B(r{1-1, Kp) > 7.
Therefore, for a given €; € (0, 1) and a sufficiently large IV, we have

P (40)

N

1 i

N E p(yelTy) < %] <e <L
i=1

By Lemma A.4 this concludes that for sufficiently large N, with
probability 1, the algorithm will not enter an infinite recursion.

O

IV. CONCLUSION

The main contribution of this work is the proof that the particle fil-
ter converge for unbounded functions in the sense of LP-convergence,
for p > 2. Besides this we also provide Lemma A.1, a new Rosenthal
type inequality, which is generally applicable.
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APPENDIX

In order to establish the convergence result, the following Rosen-
thal type inequality is needed.

Lemma A.1: Letp >0, 1 <r <2 andlet{&, i=1,...,n} be
conditionally independent random variables, given o-algebra G such
that £(&;|G) = 0, E(|&|?]G) < oo and E(|&;|"|G) < oo. Then there
exists a constant C'(p) that depends only on p such that

(Z@ |G><O ZE|&|”\Q (ZE&I |g>

(41)
The inequality stated above hold in the almost sure sense, since it is
in the form of a conditional expectation. For convenience, we omit
the notation of almost sure in the lemma and its proof.

Remark A.1: When r = 2, (41) was first introduced in [2] for
the special case of independent random variables, and then extend
to a martingale difference sequence in [16]. The best constants C'(p)
for both cases can be found in [17] and [18], respectively. For a
brief proof of the independent case we refer to Appendix C in [19].
However, all the references mentioned require that r = 2, implying
that the order of integrability should be no less than 2. This restriction
has been improved to r € [1,2] in Lemma A.1.

Remark A.2: For 0 < p < 2 and r = 2 we have the following
simplified form for (41) (see also Appendix C in [19])

no P o e, D
E ( 2 |Q> < (E ( 2 |Q>> = <;E(gig)(22) _

Proof. See [20].

Lemma A.2: If E|£|P < oo, then E| — E¢|P < 2PE|¢|P, for any
p=>1
Proof. By Jensen’s inequality, for p > 1, (E|¢|)? < E|£[P. Hence,
E|€| < (E|€|P)Y/P. Then by Minkowski’s inequality, we have

p/T

(Ble — BEP)Y? < (BlE")V? + |BE| < 2BIEP)”,

which derives the desired inequality.

[
Lemma A.3: If 0 < r1 <72 and E|¢|™ < oo, then EY/m €| <
EY/r2 |€|"2.
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Proof. The result follows from Hélder’s inequality: E (]€|™ -
Fri/r2 ((|£|r1)rz/r1)

Lemma A.4: Assume that a random variable ¢ satisfies P <
v] < 1, where ~ is a constant. Independently generate a sequence
of samples {&;} with the same distribution as & until some & > ~.
Then, this procedure cannot run into an infinite loop.

Proof. Note that

1) <

P[£1<7>£2<777£n<7]:pn_>0

as n — oo, where p = P[§ < «] < 1. Thus, the process is almost
surely finite. See also [20].

Lemma A.5: Let A be a Borel measurable subset of R™ and
sample the random vector &, obeying a probability density d(t), until
the relization belong to A, t € R™. Suppose that P[n € Q — A] <
€ < 1, where the random vector 7 obey the density d(t) and ¢ is
a measurable function satisfying E|y(n)|? < oo, p > 1. Then, we
have

2B Plp(n)|P =1

[B0(e) - Bv(n)| < = @)
In the case E|¢(n)| < oo,
Blp(e)| < ZE0L @)
Proof. Notice that the density of £ is
d(t)La(t)
[d@t)La(t)dt’

Let us now prove (43),

Jo(®)d(t)La(t)dt
fd

) Ia(t)dt — /w

t)Io— Adt-l-/w

|EY(E) — E(n)| =

g—‘/w
| oo

e

t-(1—e)

t)dt - e

<L [ [ OO taaar+ [ 1ooiaa |
< (/ W(Pd(t) dt) (/ ()T Adt) " B
< T [Ber -+ Bl -

1/p P,
< 2B eor
- 1—¢
which finishes the derivation of (43).

The set A is typically defined by an inequality, say {f(n) > %]
The result of Lemma A.5 can be extended to the conditional expec-
tation case. For instance, in the case of (44), the conditional form
would be

Bl 17 < DL

where F is a given o-algebra and 7 has corresponding conditional
density under the same condition Pln € Q — A] <e < 1.
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