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Abstract— Particle filters are becoming increasingly impor-
tant and useful for state estimation in nonlinear systems. Many
filter versions have been suggested, and several results on
convergence of filter properties have been reported. However,
apparently a result on the convergence of the state estimate
itself has been lacking. This contribution describes a general
framework for particle filters for state estimation, as well as
a robustified filter version. For this version a quite general
convergence result is established. In particular, it is proved that
the particle filter estimate convergences w.p.1 to the optimal
estimate, as the number of particles tends to infinity.

I. INTRODUCTION

The nonlinear filtering problem is formulated as follows.
The objective is to recursively in time estimate the state in
the dynamic model,

Tip1 = fe(xe,ve), (1a)
Yt = ht($t7€t), (1b)

where z; € R™ denotes the state, y; € R™ denotes the
measurement, v; and e; denote the stochastic process and
measurement noise, respectively. Furthermore, the dynamic
equations for the system are denoted by f and the equations
modelling the sensors are denoted by /. Most applied signal
processing problems can be written in the following special
case of (1),

Tip1 = fo(we) + vy, (2a)
Ye = he(we) + ey, (2b)

Note that any deterministic input signal is subsumed in the
time-varying dynamics. The most commonly used estimate
is the conditional expectation,

E(o(zt)|y1:¢), 3)

where y1.+ = (y1,...,y:) and ¢ : R™ — R is the function
of the state that we want to estimate. In order to compute (3)
we need the filtering probability density function p(x|y;.¢).
It is well known that this density function can be expressed
using multidimensional integrals [1]. The problem is that
these integrals only permits analytical solutions in a few
special cases. The most common special case is of course
when the model (2) is linear and Gaussian and the solution
is then given by the Kalman filter [2]. However, for the
more interesting nonlinear/non-Gaussian case we are forced
to approximations of some kind. Over the years there has
been a large amount of ideas suggested on how to perform
these approximations. Here, we will discuss a rather recent
and popular family of methods, commonly referred to as
particle filters (PF) or sequential Monte Carlo methods.
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Whenever an approximation is used it is very important to
address the issue of its convergence to the true solution and
more specifically, under what conditions this convergence
is valid. An extensive treatment of the currently existing
convergence results can be found in the book [3] and the
excellent survey papers [4], [S]. The available results prove
convergence of probability measures and only treat bounded
functions ¢, effectively excluding the most commonly used
state estimate, the mean value. To the best of our knowledge
there are no results available for unbounded functions ¢.
For a precise definition of what is meant by an unbounded
function we refer to Section V. The contribution of this paper
is to provide a robust particle filter, which provably converges
for a rather general class of unbounded functions.

II. BACKGROUND

This section will provide the necessary background, both
on dynamic systems in Section II-A and on the nonlinear
filtering problem in Section II-B.

A. Dynamic Systems

We will now represent model (1) in a slightly differ-
ent framework, suitable for a more general treatment. Let
(Q,F, P) be a probability space on which two real vector-
valued stochastic processes X = {X;,t = 0,1,2,...} and
Y = {Y;,t = 1,2,...} are defined. The n,-dimensional
process X describes the evolution of the hidden state of a
dynamic system, and the n,-dimensional process Y denotes
the available observation process of the same system.

The state process X is a Markov process with initial
state X obeying an initial distribution 7o (dzo). The dynam-
ics (1a), describing the state evolution over time, is modelled
by a Markov transition kernel K (dx¢41|z:) such that

P(Xt+1 € A|Xt = fﬂt) = / K(dxt+1|xt), (4)
A

for all A € B(R™). Given the states X, the observations
Y are conditionally independent and have the following
marginal distribution,

P(Y, € BIX, = z,) = / o(dyslzs), VB € BR™). (5)
B

For convenience we assume that K (dz;y1|x;) and p(dy|z;)
have densities with respect to a Lebesgue measure, allowing
us to write

P(Xt+1 S d.’l?t+1|Xt = .’L't) = K(.’I}t+1‘$t)d$t+1,
P(Y; € dy| Xy = 1) = p(yelae)dye. (6a)
There is a clear relationship between the general model

discussed above and the more applied model given in (2),
illustrated by

(7a)
(7b)

K(zi41]7e) = po(wi41 — firlwe), 1),
p(Ytlwe) = pe(ye — hi(x1), 1),



where p,(-,t) and p.(-,t) are the probability density func-
tions for v; and ey, respectively.

B. Conceptual Solution

In practice, we are most interested in the marginal dis-
tribution 7y (dx;), since the main objective is usually to
estimate E(x;|y1.¢) and the corresponding conditional covari-
ance. This section is devoted to conveying the well known
and generally untractable ideal form of ;. (dz;). By the
total probability formula and Bayes’ formula, we have the
following recursive form

7Tt|t71(dxt>:/ T—1i—1(dre 1)K (dze|ze—1)  (8a)
Rz

£ bt(ﬂ—t—1|t—1)»

T (dﬂj ) — p(yt|xt)ﬂ-t‘t—1(dzt) é a (7T )
e Jare Pele) i1 () — et
(8b)

where we have also defined a; and b; as transformations
between probability measures on R"™~.

Let us now introduce some additional notation, commonly
used in this context. Given a measure v, a function ¢, and a
Markov transition kernel KX, denote

é/amwm» ©)

Hence, E(¢(2+)|y1:¢) = (¢, ¢). Using this notation, by (8),
for any function ¢ : R™ — R, we have the following
recursive form for the optimal filter E(p(x¢)|y1.¢)s

(Tee—1,9) = (T—1)i—1, K ), (10a)
_ (Ttjt—1, Bp)
(7o), @) = ) (10b)

Here it is worth noticing that we have to require that
(m4¢—1,p) > 0, otherwise the optimal filter (10) will not
exist. In general it is, as previously mentioned, impos-
sible to obtain an explicit solution for the optimal filter
E(¢(z¢)|y1:t). This implies that we have to resort to nu-
merical methods, such as particle filters, to approximate the
optimal filter.

III. PARTICLE FILTERS

We start this section with a rather intuitive and application
oriented introduction to the particle filter and in Section III-
B we move on to a more general description, more suitable
for the theoretical treatment that follows.

A. Introduction

Roughly speaking, particle filtering algorithms are numer-
ical methods used to approximate the conditional filtering
distribution 7 ;(dx;) using an empirical distribution, con-
sisting of a cloud of particles at each time ¢{. The main
reason for using particles to represent the distributions is
that this allows us to approximate the integral operators
by finite sums. Hence, the difficulty inherent in (8) has
successfully been removed. Since there are two integral
operators in (8), any practical particle filter has to sample
particles at least twice to proceed from time ¢ — 1 to ¢. The
basic particle filter, as it was introduced by [6] is given in
Algorithm 1 and it is briefly described below. For a more
thorough introduction, see e.g., [6], [7], [8], [9] where the
latter contains a straightforward MATLAB implementation of

the particle filter. There are also several books available on
the particle filter [10], [11], [12], [3].

Algorithm 1: Particle filter

1) Initialize the particles, {x}}Y | ~ mo(dzo).
2) Predict the particles by drawing independent
samples according to
T~ K(dog|zi_y), i=1,...,N.
3) Compute the importance weights {wi}Y
wi = p(yel@y), i=1,...,N,
and normalize W} = w}/ Z Y wl.
4) Draw N new partlcles with replacement (resam-
pling), foreach ¢ =1,..., N

j=1,...,N.
5) Set t:=t+ 1 and iterate from step 2.

P(x; = i‘g) = 117{,

The particle filter is initialized at time ¢ = 0 by drawing a
set of N particles {z}}¥ | that are independently generated
according to the initial distribution my(dzg). At time t — 1
the estimate of the filtering distribution 7 _q;_1(dz;_1) is
given by the following empirical distribution

N
1
T (dre1) £ 5 > 0y (doer), (A1)
=1

where d,(dx;—1) denotes the delta-Dirac mass located in .
In step 2, the particles from time ¢t — 1 are predicted to time ¢
using the dynamic equations in the Markov transition kernel
K. When step 2 has been performed we have computed the
empirical one-step ahead prediction distribution,

i (dey) & — Zé (dx), (12)

which constitutes an estimate of 7;_;(dx;). In step 3 the
information in the present measurement y; is used. This
step can be understood simply by substituting (12) into (8b),
resulting in the following approximation of m;;(dx+)

(yt‘xt)~f\|[t  (dzy)
Jrne Pele) T, (de)
21‘:1 p(ye|T}) 95 (dxt)

= (13)
Zz 1 P(yt‘xt)

In practice (13) is usually written using the so called nor-
malized importance weights wy, defined as
d.’l?t ’II); L& = . (14)

Z“’t SV o)

Intuitively, these weights contains information about how
probable the corresponding particles are. Finally, the impor-
tant resampling step is performed. Here, a new set of equally
weighted particles is generated using the information in the
normahzed importance weights. With sample z} obeying

n t(dxt) the resample step will provide an equally weighted

~i
Wt\t (dzy) = p(ye|T})



empirical distribution

ﬂ't‘t (dxy) = (15)

N Z(S dﬂjt

to approximate m;;(dz;). This completes one pass of the
particle filtering as it is given in Algorithm 1.

B. Extended Setting

In order to facilitate a theoretical analysis we will now
introduce a slightly more general algorithm. The generaliza-
tion is that the prediction step (step 2 in Algorithm 1) is
replaced with the following

N

B~ oK (dwyla] ), (16)
j=1

where a new set of weights o’ have been introduced. These

weights are defined according to

ot = (a’i,a§7...,a§\,), (17)
where
al >0, > ah=1, dai=1.  (18)
j=1 i=1
Clearly,
1 N
N;;a NCENES > (Za K(drala] 1>>

N
1 .
= D Kldailaly) = (x oy, K. (19)
j=1

Note that if o = 1 for j = i, and o/ = 0 for j # i, the
sampling method introduced in (16) is reduced to the one
employed in Algorithm 1. Furthermore, when aé = 1/N
for all ¢ and j, (16) turns out to be a convenient form for
theoretical treatment. This is exploited by nearly all existing
references dealing with theoretical analysis of the particle
filter, see for example [4], [13], [5], [3]. An extended particle
filtering algorithm is given in Algorithm 2 below.

Algorithm 2: Extended particle filter
1) Initialize the particles, {z}}Y | ~ mo(dzo).
2) Predict the particles by drawing independent
samples according to

N
Fl~ Z aéK(dxﬂx{_l),

Jj=1

i=1,...,N.

3) Compute the importance weights {wi}Y

wy = p(yelz}), i=1,...,N,
and normalize W} = w!/ Z L wl.
4) Resample, xi ~ Wt‘t(d:];t) i = 1,...,N.
t|f(dmt) - NZq‘,:l xé(dmt)'

In Fig. 1 we provide a schematic illustration of the
particle filter given in Algorithm 2. Let us now discuss the

T—1)t—1 > Tt|t—1 > Tt
N |
Te—1t—1 7}
{ai_ 1}1—>{Z =195 SR (daglzy_q 3 {3

_>

{z 3 —»Wﬁl | — 7Tt‘t

Fig. 1. Illustration of how the particle filter transforms the probability
measures. The theoretical transformation (8) is given at the top. The bottom
describes what happens during one pass in the particle filter.

transformations of the involved probability measures a bit
further, they are

projection

i ], [ K
N t
Tt 1|t—1 -

bay K (x|’ )

T

N
[ S aiK el )
A

N
Zj:l O‘jK(dztmiV—l)

where A denotes the N x N weight matrix (a}); ;. Let
us, for simplicity, denote the entire transformation above
by Ab;. Furthermore, we will use ¢"(v) to denote the
empirical distribution of a sample of size n from a probability
distribution v. Then, we have

~ N = N

Tijt—1 = C(N)OAbt(Wt—l\t—ﬂa (20)
where ¢(N) £ & [c! ... c!] (note that ¢! refers to a single
sample) and ¢ denotes composition of transformations in the
form of a vector multiplication. Hence, we have

N _ N
7Tt|t—c

oatoc(N)c_)Abt(ﬂ'i\il‘t,l), (21

where o denotes composition of transformations. Therefore,
N)aAbt o
N)aAbl o CN(’IT()).

N __N
7Tt|t =C

N oajoc(

oagoc
(22)

While, in the existing theoretical versions of the particle
filter algorithm in [4], [13], [5], [3], as stated in [4], the
transformation between time ¢ — 1 and ¢ is in a somewhat
simpler form,

N _ N N N
Ty =C oazoc Obt(ﬂt71|t71)'

(23)

IV. A ROBUST PARTICLE FILTER

The particle filter algorithm has to be modified in order to
perform the convergence results which follows in Section V.
This modification is described in Section IV-A and its
implications are illustrated in Section IV-B.

A. Robust Algorithm Modification

From the optimal filter recursion (10b) it is clear that we
have to require that

(7Tt|t—1a p) >0, 24)

in order for the optimal filter to exist. In the approximation
to (10b) we have used (12) to approximate 7,_1(dx;),



implying that the following is used in the particle filter
algorithm

| XN
(Tijt—1,p) & (ﬁ,f\(t,l,p) = /p(yt‘xt)ﬁ 251;? (dy)
: N 'z:I
= 2 Plulp). (25)

i=1

This is implemented in step 3 of Algorithm 1 and 2, i.e.,
in the importance weight computation. In order to make
sure that (24) is fulfilled the algorithm has to be modified.
The modification takes the following form, in sampling for
{74} in step 2 of Algorithm 1 and 2, it is required that the
following inequality is satisfied

N
(Fi—10) = > p(uel) > 7e > 0.

i=1

(26)

Now, clearly, the threshold ; must be chosen so that the
inequality may be satisfied for sufficiently large N, i.e., so
that the true conditional expectation is larger than ;. Since
this value is typically unknown, it may mean that the problem
dependent constant y; has to be selected by trial and error
and experience. If the inequality (26) holds, the algorithm
proceeds as proposed, whereas if it does not hold, a new set
of particles {7} | is generated and (26) is checked again
and so on. The modified algorithm is given in Algorithm 3
below.

Algorithm 3: A robust particle filter
1) Initialize the particles, {x}}Y, ~ mo(dzo).
2) Predict the particles by drawing independent
samples according to

N
T~ Z aé—K(dmﬂxLl),

Jj=1

i=1,...,N.

3) If %Zfil p(y:|Zi) > ~;, proceed to step 4

otherwise return to ste;) 2.
4) Rename Z; = Tj,i = 1,..., N and compute the
importance weights {wi}¥ ,,
wz:p(ytlj;)a i:17"'7N7

N /N
and normalize W} = wi/ > ;" wy.

5) Resample, z! ~ iy (day) =
Sy Wiy (dary), i =1,...,N.

6) Sett:=t+ 1 and iterate from step 2.

The reason for renaming in step 4 is that the distribution
of the particles changes by the test in step 3, © which have
passed the test have a different distribution from Zz. It is
interesting to note that this modification, motivated by (10b),
makes sense in its own right. Indeed, it has previously, more
or less ad hoc, been used as an indicator for divergence
in the particle filter and to obtain a more robust algorithm.
Furthermore, this modification is related to the well known
degeneracy of the particle weights, see e.g., [4], [14] for
insightful discussions on this topic.

Clearly, the choice of v, may be non-trivial. If it is chosen
too large (larger than the true conditional expectation), steps
2 — 3 may be an infinite loop. However, it can be proved

(see [15] for details) that for a sufficiently large /N such an
infinite loop will not occur.

B. Numerical Illustration

In order to illustrate the impact of the algorithm modifi-
cation (26), we study the following nonlinear time-varying
system,

T 25x
Tip1 = ?t—’— 1+;% + 8cos(1.2t) + vy, (27a)
a;
Yt = =< + €t (27b)

where v; ~ N(0,10),e; ~ N(0,1), the initial state
2o ~ N(0,5) and 7, = 10~%. In the experiment we used
250 time instants and 500 simulations, all using the same
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Fig. 2. lllustration of the impact of the algorithm robustification (26)
introduced in Algorithm 3. The figure shows the number of times (26) was
violated and the particles had to be regenerated, as a function of the number
of particles used. This is the average result from 500 simulations.

measurement sequence. We used the robust particle filter
given in Algorithm 3 in order to compute an approximation
of the estimate &; = E(x¢|y1.+). In accordance with both
Theorem 1 and intuition the quality of the estimate improves
with the number of particles /N used in the approximation.
The algorithm modification (26) is only active when a
small amount of particles is used. That this is indeed the
case is evident from Fig. 2, where the average number of
interventions due to violations of (26) are given as a function
of the number of particles used in the filter.

V. CONVERGENCE RESULTS

The following conditions are required for the convergence
result,

HL (755-1,p) > 0, p(ys|zs) < 005 K(zs|ws—1) < 00
for given y1.5, s =1,2,...,t.

H2. The function ¢(-) satisfy sup,_|¢(zs)|*p(ys|zs) <
C(y1.5) < oo for given y1.5, s =1,...,t.

Let the class of functions ¢ satisfying H2 be denoted by
L{(p), where p satisfies H1.

Theorem 1: If H1 and H2 hold, then for any ¢ € L} (p),
there exists a constant Cy, independent of N such that

4 1174
< Ct‘tiNQ, )

E (7, ) — (mype, ¢) (28)



where [|@llia 2 max {1, (my,, |64, 5 =0,1,...,¢}
and wﬁs is generated by Algorithm 3, s =0,1,...,t.
Proof: See Appendix B. [ ]
See [15] for a more complete treatment of the convergence
proof and the premises under which it hold.
By Borel-Cantelli lemma, we have a corollary as follow.
Corollary 1: If HI and H2 hold, then for any ¢ € L}(p),

lim (7rtN|t, ®) = (¢, @), almost surely. (29)
N—oo

VI. CONCLUSION

This paper introduced a robust particle filter and the
intuition behind this filter is confirmed in the convergence
proof for the algorithm. The convergence proof is valid for
a rather large class of unbounded functions. We have also
provided a rather general setting for discussing particle fil-
ters, containing both the applied and the theoretical versions
of the filter.

APPENDIX
A. Auxiliary Lemmas

Before proving Theorem 1, we list some lemmas which
we need. It is worth noticing that Lemmas 1 and 4 still holds
for the case of conditional independence, which is actually
used in the proof of Theorem 1.

Lemma 1: Let {&;, i = 1,...,n} be independent random
variables such that Egl =0, E§4 < o0. Then

<SS E¢t+ (ZE&?)
i=1 i=1 i=1

Lemma 2: Tf E|§|P < oo, then E|§ — EEP < 2PE [P,
for any p > 1.

Lemma 3: If 1 < r1 < ry and E|€]™ < oo, then
EY/7 jgfn < B2 g,
Based on Lemmas 1 and 3, we have

Lemma 4: Let {&, i=1,. j be independent random
variables such that E&; = 0, E |£ < 00. Then

(30)

2 i<n B
gL Zfl gmfmlz—;f

x)|| = max{l sup |p(z)|}. Then

3D

Denote || p(
llo,a-

B. Proof of Theorem 1

The proof is carried out using mathematical induction. For
the sake of brevity this proof does not handle the fact that
Z and z have different distributions. The details for this can
be found in the more detailed proof to be found in [15].
Proof:

(1). Let {z}}¥ | be independent random variables with the
same distribution 7o (dxg). Then, with the use of Lemmas 4
and 2, it is clear that

B|(r',0) — (0, )| < =3 Blo(z)

CO‘OWHM.

— E[g(ap)]|*

< ol 2 (2)

Hence,

E|(m, 16| < 3E|¢(=h)[* £ Mopllols.  (33)

(2). Based on (32) and (33), we assume that for ¢ — 1 and
V¢ € Li(p)

‘4 < Ci_1jt—1 ||¢||§—1,4
< e

E ’(Wﬁm_p@ = (T-1jt-1,9)
(34)

and

B | e 1] < Miaeilloliiog,. 69

holds, where C;_1;_1 > 0 and M;_;_1 > 0. We analyse

4
E‘(ﬁi\"t_l,qﬁ)—(wﬂt_l,qb)‘ and E‘( o1 in this
step.
Notice that

(ﬁ't\t_p ¢) — =1II; + Iy,

(7Tt|t717¢)
N

Noal

T—1|t—1 Ko)|,

) (7rt|t—17 ﬁb)]

where

A

I = (7Tf|f 1 9) —

N
Noc1
Te1)t—1°

’L_l
N,()ti _ ) .
and ", = ZFI 0‘;'5:1:1_
gate 1I; and IIs. _
Let F;; denote the o-algebra generated by {xi 3N .
From the generation of z}, we have

1
II; = N ;((b(ﬁ_l)
Thus, by Lemmas 1, 2, 3, (19) and (35),
| T

(dxi—1). Let us now investi-
1

— Elo(7;_1)|Fe-1])-

4
EIL|* < e (36)
Furthermore, by (19) and (34),
C K
E|H2|4 t—1[t— 1” || ||¢||t 14 (37)

N2
Then, using Minkowski’s inequality, (19), (36), and (37), we
have

4
E1/4‘( Tit— 1,¢) (7Tt|t71,¢)‘
§E1/4 |H1|4+E1/4|H2‘4

1/4 lle—1,4
< 1Kl ([25Mt—1|t—1]1/4 + Ctzl\tﬂ) W
A z1/a |19lle-14
- Ct\t71W'
That is
. 4 el
E ’(”m—pd’) - (ﬂ—t\t—la(b)’ < C’mq%. (38)

By Lemma 2, (35) and the use of a separation, similar to the
one employed above, we have

B[@ 101 = (rer, 91|

A ~
< | K|* (BMy_1jp—1 + 1)H¢||?—1,4 = Mt|t—1|‘¢||§—1,4(~39)



4
(4). In this step we analyse E (ﬁ%,(ﬁ) — (7, )| and

E(frf\‘;, |¢|*) based on (38) and (39). Clearly,

(7 @) — (7o, ¢) = Ty + 10,
where

~ A (WiN\t—lvaS) (W%_lvp(ﬁ)
I = —% — ,

(7rt|t_1a p) (ﬂ-t|t—1ap)

= A (ﬁgv‘t_l,pqﬁ) (Tee—1, PP)
I, = — .

(7Tt|t—1a P) (TFt|t—1,P)

By condition H1 and the modification (26) introduced in
Algorithm 3 we have,

7| = (7—109) [(me1,0) = (715 p)]
1 (ﬁiw\t—lvp) (Teje—1,p)
llpgll

~N
- Ttlt—15P) — \Tye—15P)| -
Ve(Teje—1, P) ‘( ti—150) = (Tyjs—15P)

Thus, by Minkowski’s inequality and (38),

4
B4 (74, ¢) = (rae, o)
SE1/4 |H1‘4+E1/4 |ﬁ1|4

G/
Cyrt ol (ledll +90) (1lles .4
’Vt(ﬂ-t\tfhp) N1/2
A ~1/all@lle—1,4
7Ct|t N1/2 i
which implies
4 _ = ||</)Ht L4

E ‘(ﬂ—i\‘fta qb) - (7Tt|ta QS) C (40)
Using a separation similar to the one previously used,
by (39), and observing that ||¢||s4 > 1 is increasing with
respect to s, we have

B[, l61Y)
4| . M.
e d 1261210l Moilol
’Yt(Wt\t—hp) (Wt\t—hp)
A ~
= Myl 4- (41)
4
(5). Finally, we analyse E ‘(WtN‘t, ®) — (mye,¢)|  and
E(7rtN‘t, |¢|*) based on (40) and (41).
Obviously
(ﬂ-ﬁ[m(b) - (7Tt|ta¢) = 1:[1 + 1:[27
where
= A N ~ = A LN
Hl = (ﬂ—t‘t7¢) - (ﬂ—t\t’gb)v H2 = (ﬂ—t‘taas) - (ﬂ—t\ta¢)'

Let G; denote the o-algebra generated by {Z:}/ . From the
generation of xy, we have,

and then

1 N
I = Nz:: (6(x})|Gy)).
2

Then, by Lemmas 2, 4, and (41),

E|H ‘4<25Mtt”¢” (42)
Then by Minkowski’s inequality, (40) and (42)
4
B4 | 6) = (o 0)|
S E1/4 |1:[1|4 4 E1/4 ‘1:[2|4
supoii/a g/ 12llea & qa/alléllea
([2 |}/ +C’t‘t>N1/2 =Cis N2
That is
N ||¢||t4
E (7, ¢) — (Wt\tﬂﬁ) < Ct\t (43)

Using a similar separation mentioned above, by (41),

~ A
B (s 61| < (382 + 2) 191114 £ Myalloliha: 44)

Therefore, the proof of Theorem 1 is completed, since (34)
and (35) are successfully replaced by (43) and (44), respec-
tively. [ ]
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