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Abstract— The presence of abrupt changes, such as impulsive
disturbances and load disturbances, make state estimation
considerably more difficult than the standard setting with
Gaussian process noise. Nevertheless, this type of disturbances
is commonly occurring in applications which makes it an
important problem. An abrupt change often introduces a jump
in the state and the problem is therefore readily treated by
change detection techniques. In this paper, we take a rather
different approach. The state smoothing problem for linear
state space models is here formulated as a least-squares problem
with sum-of-norms regularization, a generalization of the `1 regularization. A nice property of the suggested formulation
is that it only has one tuning parameter, the regularization
constant which is used to trade off fit and the number of jumps.

I. I NTRODUCTION
We consider the problem of state estimation in linear state
space models, where impulsive disturbances occur in the
process model. There are several conceptually different ways
to handle disturbances in state estimation. One possibility is
to model the disturbance as a sequence of Gaussian random
variables with known second order moment, so the optimal
solution is provided by the Kalman filter (KF), see [17],
[16]. Another, quite different, possibility is to assume that
the disturbance is a deterministic arbitrary sequence, and
apply subspace projections. See [15] for details and more
references on that approch. The case of impulsive process
noise occurs frequently in at least three different application
areas.
•
•

•

In automatic control, impulsive noise is often used to
model load disturbances.
In target tracking, impulsive noise is used to model
force disturbances, corresponding to maneuvers for the
tracked object.
In fault detection and isolation (FDI) literature impulsive noise is used to model additive faults. Usually, this
is done in a deterministic setting [25], but a stochastic
framework is also common [2], [12].

We formulate the problem in a probabilistic framework
where the KF is the best linear unbiased estimator (BLUE),
and the interacting multiple model (IMM, [4]) algorithm provides an approximation to the exact problem. In contrast to
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IMM, we here propose a method that solves an approximate
problem in an optimal way.
Our approach is based on convex optimization. It is wellknown that the KF solves an optimization problem where the
sum of squared two-norms of the process and measurement
noises is minimized. Inspired by the recent progress of sumof-norms regularization in the statistical literature ([18], see
also related contribution in the control community [23]), we
suggest to change the squared two-norm of the process noise
to a sum-of-norms, to capture the impulse character of the
process disturbance. The consequence of this is that a sparse
sequence of process noise is automatically obtained in contrast to the KF. The algorithm solves the smoothing problem
in linear complexity, and a further advantage compared to
KF and IMM algorithms is that convex constraints of the
state sequence are easily handled in the same framework.
We start with a brief introduction to dynamical systems
and stochastic disturbances. This is followed up by a discussion on the smoothing problem in Section III. In particular,
we care about the optimization formulation of the Kalman
smoother. Section IV contains the main contribution of
the paper, the proposed method for state smoothing with
impulsive process disturbances. We call the method state
smoothing by sum-of-norms regularization (STATESON). In
Section V a comparison with popular methods for state
smoothing with impulsive process noise is given. A justification by some numerical illustrations is given in Section VI.
The paper is ended by a conclusion in Section VII.
II. I NTRODUCTION : DYNAMIC S YSTEMS WITH
S TOCHASTIC D ISTURBANCES
The standard linear state space model with stochastic
disturbances is well known to be
x(t + 1) = At x(t) + Bt u(t) + Gt v(t)
y(t) = Ct x(t) + e(t).

(1a)

Here, v and e are white noises: sequences of independent
random vectors
E[v(t)] = 0,
T

E[v(t)v (s)] = 0,
T

E[e(t)] = 0 ∀t
E[e(t)eT (s)] = 0

E[v(t)v (t)] = R1 (t),

if t 6= s

(1b)

T

E[e(t)e (t)] = R2 (t).

The independence of the noise sequences is required in order
to make x a state or a Markov process.
The model (1) with the “process noise” v being Gaussian
is a standard model for control applications. v then represents
the combined effect of all those non-measurable inputs that
in addition to u affect the states. This is the common model

used both for state estimation and control design based on
LQG.
But, an equally common situation is that v corresponds to
an unknown input. It could be
• a load disturbance e.g. a step change in moment load
in an electric motor, a (up or down) hill for a vehicle,
etc. (Sometimes, the term load disturbance is used only
for the case Bt = Gt .)
• an event that causes the state to jump, a change, see
e.g. [12].
Such unknown inputs are not naturally modeled as Gaussian
noise. Instead it is convenient to capture their unpredictable
nature by the distribution (cf eq (2.10)-(2.11) in [20].)
v(t) = δ(t)η(t)
where
(
0
δ(t) =
1

(2a)

with probability 1 − µ
with probability µ

η(t) ∼ N (0, Q)

(2b)

min
x(t),1≤t≤N

+

N
X
−1/2
kR2 (t)(y(t) − Ct x(t))k22

t=1
N
−1
X

−1/2

kR1

(2c)

III. S TATE E STIMATION (S MOOTHING )
A natural and common problem is to estimate the states
x(t) of the system (1) from measurements of u and y.
For the case of Gaussian noise sources, this problem is of
course solved by the Kalman filter and the Kalman smoother,
[16]. For our current purpose it is of interest to view this
as an explicit minimization problem. For given x(1) the
states x(t), t = 2, . . . , N can be computed from v(t), t =
1, . . . , N − 1. The quality of these states could be measured
by the criterion of fit to observations:

t=1

(5a)
where G† is the pseudo inverse of G. However, if G is
not full rank, nothing constrains the state evolution in the
null space of G, so (5a) must be complemented with the
constraint

where G

⊥

−1/2

(t)(y(t) − Ct x(t))k22

G⊥ , I − GG† .

IV. T HE P ROPOSED M ETHOD : S TATE S MOOTHING BY
S UM - OF -N ORMS R EGULARIZATION
The type of process noise that we are interested in (see
(2)) motivates a rather different regularization term than the
one used in (5a).
A. Sum-of-Norms Regularization
To penalize state changes over time, we use a penalty or
regularization term (see e.g. [6, p.308]) that is a sum of norms
of the estimated extra inputs v(t):

x(1),v(t),1≤t≤N −1

t=1

+λ

N
X

min

x(1),v(t),1≤t≤N −1

+

−1/2

kR2

t=1
N
−1
X

(t)(y(t) − Ct x(t))k22
(4)

−1/2
kR1 (t)v(t)k22

t=1

which gives the classical Kalman smoothing estimate, e.g.
[16]. In the case of Gaussian process noise v, this is also

(6)

However, since several approaches can be interpreted as
explicit methods to estimate v(t) (or δ(t) in (2)), we shall
adhere to the (equivalent) formulation (4).

(3)

where,
a vector z = [z1 z2 . . . znz ]T , kzkp ,
Pnz forp 1/p
( i=1 |zi | ) . This should be minimized w.r.t.
x(1), v(t); t = 1, . . . , N − 1. At the same time, the
use of jumps in the states, corresponding to v should be
constrained in some sense, so as to avoid over-fitting to the
noisy y-measurements.
The most common way is to use a quadratic regularization

(5b)

is the projection onto the null-space of G,

min

kR2

(t)G†t (x(t + 1) − At x(t) − Bt u(t))k22

G⊥
t (x(t + 1) − At x(t) − Bt u(t)) = 0

This makes R1 (t) = µQ. The matrices At and Gt may
further model the waveform of the disturbance as a response
to the pulse in v.
We shall in this contribution discuss efficient ways of
estimating the states under this assumption of the process
noise v.

N
X

the Maximum likelihood estimate and gives the conditional
mean of x(t) given the observations. It is a pure least
squares problem, and the solution is usually given in various
recursive filter forms, see e.g. [21].
Since x(t) is a given function of x(1), v(t) and the known
sequence u(t), it may seem natural to do the minimization
directly over x(t), i.e. to write

N
X
−1/2
kR2 (t)(y(t) − Ct x(t))k22

t=1
N
−1
X

(7a)

kQ−1/2 (t)v(t)kp

t=1

subject to
x(t + 1) = At x(t) + Bt u(t) + Gt v(t)

(7b)

where the `p -norm is used for regularization, and λ is a
positive constant that is used to control the trade-off between
the fit to the observations y(t) (the first term) and the size
of the state changes caused by v(t) (the second term). The
regularization norm could be any `p -norm, like `1 or `2 , but
it is crucial that it is a sum of norms, and not a sum of
squared norms, which was used in (5a).
When the regularization
norm is taken to be the `1 norm,
Pnz
i.e., kzk1 =
|z
|,
the regularization in (7a) is a
i=1 i
standard `1 regularization of the least-squares criterion. Such
regularization has been very popular recently, e.g. in the

much used Lasso method, [29] or compressed sensing [9],
[7].
There are two key reasons why the criterion (7a) is
attractive:
• It is a convex optimization problem, so the global
solution can be computed efficiently. In fact, its special
structure allows it to be solved in O(N ) operations, so
it is quite practical to solve it for a range of values of
λ, even for large values of N .
• The sum-of-norms form of the regularization favors
solutions where “many” (depending on λ) of the regularized variables come out as exactly zero in the
solution. In this case, this implies that many of the
estimates of v(t) become zero (with the number of
v(t):s becoming zero controlled roughly by λ).
A third advantage is that
• It is easy to include realistic state constraints without
destroying convexity.
We should comment on the difference between using
an `1 regularization and some other type of sum-of-norms
regularization, such as sum-of-Euclidean norms. With `1
regularization, we obtain an estimate of v having many of its
components equal to zero. When we use sum-of-norms regularization, the whole estimated vector v(t) often becomes
zero; but when it is nonzero, typically all its components are
nonzero. In a statistical linear regression framework, sumof-norms regularization is called Group-Lasso [30], since it
results in estimates in which many groups of variables are
zero.
B. Regularization Path and Critical Parameter Value
The estimated sequence v(t) as a function of the regularization parameter λ is called the regularization path for the
problem. Roughly, larger values of λ correspond to estimated
x(t) with worse fit, but an estimate of v(t) with many
zero elements. A basic result from convex analysis tells us
that there is a value λmax for which the estimated v(t) is
identically zero if and only if λ ≥ λmax . In other words,
λmax gives the threshold above which v(t) = 0, t = 1, ..., N .
The critical parameter value λmax is very useful in practice,
since it gives a very good starting point in finding a suitable
value of λ. Reasonable values are typically in the order of
0.01λmax to λmax .
Proposition 1: Introduce εt for the (process) noise free
residual
" t−1 #
t−1 t−1
X

Y
Y
εt , y(t) − Ct
As Br u(r) +
As x1 (8)
r=1 s=r+1

s=1

and take x1 to minimize
N
X

−1/2

R2

2

(t)εt

t=1

.

(9)

2

We can then express λmax as
λmax = max

k=1,...,N −1

2Q1/2

N
X

t−1
Y

εt R2−1(t)(Ct

t=k+1

As Gk )T

s=k+1

q

(10)

with k · kq the dual norm ( p1 + 1q = 1) associated with k · kp
used in (7a).
The proof is given in the appendix.
C. Iterative Refinement
To (possibly) get even more zeros in the estimate of v(t),
with no or small increase in the fitting term, iterative reweighting can be used [8]. We modify the regularization term
in (7a) and consider
N
X

min

x(1),v(t),1≤t≤N −1

+λ

N
−1
X

−1/2

kR2

(t)(y(t) − Ct x(t))k22

t=1
−1/2

α(t)kQ

(11)
v(t)kp

t=1

where α(1), . . . , α(N − 1) are positive weights used to vary
the regularization over time. Iterative refinement proceeds as
follows. We start with all weights equal to one i.e., α(0) (t) =
1. Then for i = 0, 1, . . . we carry out the following iteration
until convergence (which is typically in just a few steps).
1) Find the state estimate.
Compute the optimal v (i) (t) using (11) with the
weighted regularization using weights α(i) .
2) Update the weights.
For t = 1, . . . , N − 1, set α(i+1) (t) = 1/( +
kQ−1/2 v (i) kp ).
Here  is a positive parameter that sets the maximum weight
that can occur.
One final step is also useful. From our final estimate of
v(t), we simply define set of times T at which an estimated
load disturbance occurs (i.e., T = {t|v(t) 6= 0}) and carry
out a final optimization over just v(t), t ∈ T .
Remark 1: If the jump covariance Q in (2) is known or
can be given a good value, the final optimization step should
be replaced by a Kalman smoother with the time-varying
process noise
(
0 for t:s such that v(t) = 0
R1 (t) =
Q otherwise.
It should be noticed that if the correct jump-times and Q
have been found, this is actually optimal in the sense that no
other smoother (linear or nonlinear) can achieve an unbiased
estimate with a lower error covariance.
D. Solution Algorithms and Software
Many standard methods of convex optimization can be
used to solve the problem (7a). Systems such as CVX [11],
[10] or YALMIP [22] can readily handle the sum-of-norms
regularization, by converting the problem to a cone problem
and calling a standard interior-point method. For the special
case when the `1 norm is used as the regularization norm,
more efficient special purpose algorithms and software can
be used, such as l1 ls [19]. Recently many authors have
developed fast first order methods for solving `1 regularized
problems, and these methods can be extended to handle the
sum-of-norms regularization used here; see, for example,

[27, §2.2]. Both interior-point and first-order methods have
a complexity that scales linearly with N .

4

2

V. OTHER A PPROACHES
Many methods for state estimation with non-Gaussian
noise as in (2) are suggested in the literature, both in connection with change detection, e.g. [12], and target tracking,
e.g. [1]. Many of them can be seen as ways to explicitly
estimate v(t) or δ(t) in (2).
If the δ-sequence was known, the problem could be treated
as a Kalman smoother with known, time varying R1 (t)
(R1 (tk ) = Q for those tk with δ(tk ) = 1 and R1 (t` ) = 0
otherwise.) This is sometimes known as the Clairvoyant filter
(or filter with an oracle). The (time-varying) smoothed state
error covariance matrix can readily be computed for this case.
Clearly this gives a lower bound for any possible estimate,
which no other (linear or nonlinear) filter can beat.
Based on the model (2), a number of approximative
methods have been developed. If δ(t) is not known, we
could hypothesize in each time step that it is either 0 or
1. This leads to a large bank (2N ) of Kalman filters as the
optimal solution. The posterior probability of each filter can
be estimated from this bank, which consists of a weighted
sum of the state estimates from each filter. In practice, the
number of filters in the bank must be limited, and there are
two main options (see Chapter 10 in [13]):
• Merging trajectories of different δ(t) sequences. This
includes the well-known IMM filter, see [4].
• Pruning, where unlikely sequences are deleted from the
filter bank.
Change detection techniques can also be used to detect the
time instances when δ(t) = 1. In the linear case, e.g., a
change detection algorithm can be applied to the innovations
of a Kalman filter to detect jumps in the process noise. If a
jump is detected, the process noise covariance in the Kalman
filter is made e.g. 10 times larger to adapt to the abrupt state
change.
VI. N UMERICAL I LLUSTRATION
Consider the discrete time model of a DC motor (see
e.g. [14], Ts = 0.1s, angle velocity and angle as state)




0.7047 0
11.81
x(t + 1) =
x(t) +
(u(t) + v(t))
0.08437 1
0.625


s(t) = 0 1 x(t)
y(t) = s(t) + e(t),
(12)
with u(t) a ±0.1 PRBS signal (Pseudorandom binary sequence), e(t) ∼ N (0, 1) and x(1) ∼ N (0, I). The system
was simulated with v(t) distributed according to (2) with
µ = 0.015 and Q = 0.5, which gave the particular load
disturbance sequence
(
−0.6 for t = 55,
v(t) =
(13)
0
otherwise
and y(t), t = 1, . . . , 100, was observed. The resulting
estimate of the angle s(t) using λ = 0.1λmax , two refinement
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Fig. 1. The resulting estimate of s(t) showed with a solid thick line;
dashed line, true sequence s(t); solid thin black line, measurements y(t).
The jump in v(t) at t = 55 is hardly visible.

iterations, Q = 0.5, R2 = 1 and an Euclidean norm in the
regularization is shown in Figure 1. Figure 1 also shows the
measurement y(t) and the true sequence s(t) that was used
to generate the y(t) measurements. v(t) was estimated to
(
−0.55 for t = 55,
v(t) =
(14)
0
otherwise.
The mean squared error (MSE) for the state estimate was for
this particular setup 0.28. Since the jump-time was correctly
found, the estimate almost coincide with the estimate of the
Clairvoyant estimator. If a Kalman smoother is applied with
the true measurement and process noise variances (R1 =
µQ = 0.0075, R2 = 1) a MSE of 1.0 was obtained. The
result is summarized in Table I.
TABLE I
MSE FOR THE STATE ESTIMATE OBTAINED BY THE K ALMAN SMOOTHER
(BLUE), STATE ESTIMATION BY SUM - OF - NORMS REGULARIZATION
(STATESON) AND C LAIRVOYANT SMOOTHER .
Algorithm
BLUE
STATESON
Clairvoyant smoother

MSE
1.0
0.28
0.12

Let us now compare the state smoothing by sum-of-norms
regularization (7) with some other methods that have been
suggested in the literature.
For the same sequence v(t) we run Monte-Carlo simulations over realizations of the measurement noise e(t) with
R2 = 1. We run 2000 simulations and compute the smoothed
state squared error over the runs.
We compare:
1) The proposed method state smoothing by sum-ofnorms regularization.
2) Conventional Kalman smoother with R1 = 0.0075 and
R2 = 1.

0

STATESON
BLUE
IMM
Clairvoyant
CUSUM
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3) Kalman smoother together with CUSUM (Cumulative
Sum [24]). First, CUSUM was applied to both the
whitened innovations and the negative whitened innovations of a Kalman filter with R2 = 1. R1 was set to
0.5 when the test statistic exceeded a threshold h but
was otherwise 0. In a second step, a Kalman smoother
was applied with R1 = 0.5 at the time instances of
detected changes and R1 = 0 otherwise. h = 10 and
drift term γ = 1 gave good performance.
4) IMM smoother with two modes, R2 = 1 for both
and R1 = 0 and 0.5, respectively, with probabilities
0.985 and 0.015. The IMM smoothing implementation
of [28] was used.
5) The lower bound according to the Clairvoyant
smoother.
See Figure 2. We see that state smoothing by sum-ofnorms regularization outperforms the Kalman smoother and
the IMM smoother and that it gets fairly close to the
lower bound given by the Clairvoyant smoother. Kalman
smoother together with CUSUM does almost as good as state
smoothing by sum-of-norms regularization. Figure 3 shows a
plot of estimated v values by STATESON for the 2000 runs.
Let us also investigate how the methods perform under
varying signal-to-noise conditions (the design parameters
held fixed over the different SNRs, tuned for a SNR of
5.7). 200 Monte Carlo runs were performed for a number
of different R2 to produce the plot shown in Figure 4. The
mean of the squared errors were take both over time and the
200 Monte Carlo runs with the same signal-to-noise ration
(SNR). The SNR was computed as
!2
PN
t=1 |s(t)|
SN R = PN
(15)
t=1 |e(t)|
where s(t) is the signal given in (12) if u(t) ≡ 0 is feeding
(12) and e(t) is the measurement noise. The plot shows that
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Fig. 3. The STATESON estimates of v that gave the squared errors in
Figure 2.
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Fig. 2. Mean (over Monte Carlo runs) squared errors (SE) versus time.
All the sample SE means were taken over Monte Carlo runs and not time.
2000 Monte Carlo runs were used.
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Fig. 4. MSE versus SNR. All the means were taken over Monte Carlo
runs and time. 200 Monte Carlo runs were used for each SNR value. The
simulations shown in Figure 2 had a SNR of 5.7 (in average).

state smoothing by sum-of-norms regularization does well
in comparison with the compared methods. It may seem
surprising that the Kalman smoother together with CUSUM
dose not do better. CUSUM detects the changes in most
cases, however, it does not give an accurate estimate of the
time of the changes (not even in high SNR). CUSUM also
suffers of varying SNR and would do better if it was retuned
for each new SNR value.
VII. C ONCLUSION
A novel formulation of the state estimation problem in the
presence of abrupt changes has been presented. The proposed
approach treats the state smoothing problem as a constrained
least-squares problem with a sum-of-norms regularization.
Some numerical illustrations have been given.

The approach can be seen an extension of the technique
used for segmentation of ARX-models in [23]. The extension
to nonlinear models is seen as a potential future research
direction.
A PPENDIX
To verify our formula for λmax we use convex analysis
[26], [3], [5]. Fist note that
x(t) =Gt−1 v(t − 1) + At−1 x(t − 1) + Bt−1 u(t − 1)
!
!
t−1
t−1
t−1
Y
X
Y
As x 1 .
=
As (Gr v(r) + Br u(r))+
r=1

s=1

s=r+1

The objective in (7a) can then be written as
!
!
N
t−1
t−1
X
X
Y
−1/2
R2 (t) εt − Ct
As Gr v(r)
t=1

r=1

+λ

N
−1
X

2

s=r+1

kQ−1/2 v(t)kp .

(16)

t=1

using (8). Since the gradient of kQ−1/2 v(t)kp w.r.t. Q1/2 v(t)
must lie in the unit ball in the dual norm, i.e.
Q1/2 ∇v(t) kQ−1/2 v(t)kp

q

≤ 1, t = 1, . . . , N − 1 (17)

it is enough that λ exceeds the q-norm of
1/2

Q

N
X

∇v(k)

t−1
X

−1/2
R2 (t)

εt−Ct

t=1

!

t−1
Y

!

2

As Gr v(r)

r=1 s=r+1

(18)
evaluated at v(t) = 0, t = 1, . . . , N − 1 and for all k to
guarantee that v(t) = G†t (x(t + 1) − At x(t) − Bt u(t)) =
0, t = 1, . . . , N − 1 minimizes (7a). The gradient can be
computed to
!
!
t−1
t−1
N
t−1
Y
Y
X
X
As Gr v(r) R2−1 (t)(Ct As Gk )T
εt−Ct
−2
r=1 s=r+1

t=k+1

s=k+1

(19)
and evaluated at v(t) = 0, t = 1, . . . , N − 1 we obtain
−2

N
X

εt R2−1 (t)(Ct

t=k+1

t−1
Y

As Gk )T .

(20)

s=k+1

Hence, as stated in Proposition 1, λmax is given by
λmax = max

k=1,...,N −1

2Q1/2

N
X

t−1
Y

εt R2−1(t)(Ct

t=k+1

As G k ) T

s=k+1

.
q

(21)
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[28] S. Särkkä and J. Hartikainen. EKF/UKF toolbox for Matlab 7.x,
November 2007. Version 1.2.
[29] R. Tibsharani. Regression shrinkage and selection via the lasso. J Roy
Statistical Society B (Methodological), 58(1):267–288, 1996.
[30] M. Yuan and Y. Lin. Model selection and estimation in regression with
grouped variables. Journal of the Royal Statistical Society, Series B,
68:49–67, 2006.

