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ABSTRACT

The unscented Kalman filter (UKF) relies on the unscented trans-
formation (UT) that fits a Gaussian distribution to nonlinearly trans-
formed so called sigma points. This contribution firstly gives the ex-
act first and second order moments of the nonlinear transformation as
a function of the rest term in a second order Taylor expansion, given
that the gradient and Hessian are computable, and secondly com-
pares these with what is obtained using the UT. A simple quadratic
example illustrates the differences in the compared transformations.

Index Terms— unscented transform, nonlinear transformation,
extended Kalman filter

1. INTRODUCTION

This contribution considers the problem to compute a Gaussian ap-
proximation of z = g(x) of a Gaussian distributed x. This trans-
formation approximation is a fundamental step in nonlinear filter-
ing, with the extended Kalman filter (EKF) [1–3] and the unscented
Kalman filter (UKF) [4–6] as particular examples. Four methods are
considered in this paper:

TT1 Gauss’ approximation formula that is based on a first order
Taylor expansion.

TT2 which compensates with the mean and covariance of the rest
term of a second order Taylor expansion. [1, 3, 7]

UT the unscented transformation. [4]

MC the Monte Carlo approach.

TT1 (Gauss’ approximation formula) is a simple and often used
approximation, for instance in the EKF.

The exact form of TT2 is not often seen in literature, but is the
exact way to include the correct first and second order moments of
the transformation. TT2 relies on the gradient and Hessian of the
nonlinear transformation to be computed, which is not always the
case. For some reason, the resulting Kalman filter is not often seen
in literature.

The UT only requires function evaluations, and often achieves
a fairly good approximation of TT2. Since its introduction, the un-
scented Kalman filter (UKF) has met a tremendous interest in the
literature.

It is often claimed in literature, that the UT is exact for transfor-
mations of Gaussian distributions for at least the two first moments
(see e.g., [4]). However, it will demonstrated using a simple example
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that this is not always the case. By letting the sigma points approach
the mean, it will be shown that the UT gets a bias in the approximated
variance.

However, the transformed sigma points can be used to recover
important parts of the second order term. This paper shows the inner
workings of the UT in terms of approximated derivatives, that is then
compared to the TT2 method.

2. NONLINEAR TRANSFORMATIONS REVISITED

2.1. Taylor Expansion

Consider a general nonlinear transformation and its second order
Taylor expansion

z = g(x) = g(µx) + g′(µx)(x− µx)

+
ˆ

1
2
(x− µx)T g′′i (ξ)(x− µx)

˜
i| {z }

r
`

x;µx,g′′(ξ)
´ , (1)

where nx is the dimension of the vector x, x ∈ Rnx , and z ∈ Rnz .
The notation [vi]i is used to denote a vector in which element i is vi.
Analogously, the notation [mij ]ij will be used to denote the matrix
where the (i, j) element is mij .

Basically, nonlinear filters in literature are based on the follow-
ing assumptions:

• EKF is based on the constant and linear terms in (1). This
works fine as long as the rest term is small. Small here relates
both to the state estimation error and the degree of nonlin-
earity of g. As a rule of thumb, the rest term is negligible if
either

– the model is almost linear,

– the SNR is high, in which case the estimation error can
be considered sufficiently small.

• The second order compensated EKF approximates the rest
term r(x; µx, g′′(ξ)) with r

`
x; µx, g′′(µx)

´
, and compen-

sates for the mean and variance of this term. This works well
if g′′ varies little over the principal support of x.

• UKF estimates first moments of the nonlinear transformation
in (1), without explicitly computing, or even assuming exis-
tence, of any derivatives of g.

There are several links and interpretations between UKF and EKF as
will be pointed out later on.



2.2. Summary of Approximate Transformations

To summarize, the following options are available (the derivation of
these will be elaborated on more in the full length paper):

TT1 First order Taylor approximation:

x ∼ N
`
µx, P

´
→ z ∼ N

`
g(µx), g′(µx)P

`
g′(µx)

´T ´
.
(2)

TT2 Second order Taylor approximation:

x ∼ N
`
µx, P

´
→ z ∼ N

“
g(µx) + [tr(g′′i (µx)P )]i,

g′(µx)P
`
g′(µx)

´T
+ 1

2

h
tr(Pg′′i (µx)Pg′′j (µx))

i
ij

”
. (3)

UT Unscented transform approximation:

x ∼ N
`
µx, P

´
→ z ∼ N

`
µz, Pz

´
, (4)

where µz and Pz are defined as follows.
First define, ui and σi from the singular value decomposition
(SVD) of the covariance matrix P ,

P = UΣUT =

nxX
i=1

σ2
i uiu

T
i ,

and then let

x(0) = µx, x(±i) = µx ±
√

nx + λσiui,

ω(0) =
λ

nx + λ
, ω(±i) =

1

2(nx + λ)
,

where i = 1, . . . , nx. Let z(i) = g(x(i)), and apply

µz =

nxX
i=−nx

ω(i)z(i),

Pz =

nxX
i=−nx

ω(i)(z(i) − µz)(z
(i) − µz)

T

+ (1− α2 + β)(z(0) − µz)(z
(0) − µz)

T ,

where ω(0) + (1 − α2 + β) is often denoted w
(0)
c and used

to make the notation more compact for the covariance matrix
expression.

MC Monte Carlo approximation:

x ∼ N
`
µx, P

´
→ z ∼ 1

N

NX
i=1

δz(i) , (7)

where

x(i) ∼ N
`
µx, P

´
, i = 1, . . . , N,

z(i) = g(x(i)),

µz =
1

N

NX
i=1

z(i),

Pz =
1

N − 1

NX
i=1

`
z(i) − µz

´`
z(i) − µz

´T
.

The design parameters of UT have here the same notation as in UKF
literature (e.g., [6]):

• λ is defined by λ = α2(nx + κ)− nx.

• α controls the spread of the sigma points and is suggested to
be approximately 10−3.

• β compensates for the distribution, and should be chosen to
β = 2 for Gaussian distributions.

• κ is usually chosen to zero.

Note that nx + λ = α2nx when κ = 0, and that for nx + λ → 0+

the central weight ω(0) → −∞. Furthermore,
P

i ω(i) = 1.
Recall from the introduction that TT1 is a computationally cheap

approximation, TT2 recovers the first two moments if the gradient
and Hessian in µx are available (for quadratic functions TT2 is com-
pletely correct, otherwise it is often a good approximation), the MC
approach is always asymptotically correct, and that the UT is a fairly
good compromise between TT2 and MC, that improves computa-
tional complexity to MC and the need for prior knowledge to TT2.

3. ANALYSIS OF THE UNSCENTED TRANSFORM

In this section the UT will be analyzed and expressions for the result-
ing mean and variance are given and interpreted in the limit as the
sigma points approach the center point.

First, consider the mean of the transformed variable, for simplic-
ity ω = ω(0) and remaining express the remaining weights in terms
of it,

µz =

nxX
i=−nx

ω(i)z(i) = z(0)+ 1−ω
2nx

nxX
i=1

(z(i)−2z(0)+z(−i)). (8a)

Continuing to compute the variance yields, using (a)(·)T to denote
aaT to reduce the size of the expressions:

Pz = (1− α2 + β + ω)(z(0) − µz)(·)T

+
X
i6=0

1−ω
2nx

(z(i) − µz)(·)T

= (1− α2 + β) (1−ω)2

4n2
x

“ X
i>0

z(i) − 2z(0) + z(−i)
”“
·

”T

+ ω(1−ω)2

4n2
x

“ X
i>0

z(i) − 2z(0) + z(−i)
”“
·

”T

+ (1−ω)(ω2−1)

4n2
x

“ X
i>0

z(i) − 2z(0) + z(−i)
”“
·

”T

+ 1−ω
2nx

X
i6=0

(z(i) − z(0))(·)T

= (1− α2 + β) (1−ω)2

4n2
x

“ X
i>0

z(i) − 2z(0) + z(−i)
”“
·

”T

− (1−ω)2

4n2
x

“ X
i>0

z(i) − 2z(0) + z(−i)
”“
·

”T

+ 1−ω
nx

X
i>0

(z(i) − z(0))(·)T . (8b)

Observe that with the original formulation of the UT where the
same weights are used for both mean and covariance computation
the covariance matrix estimate may very well end up being indefi-
nite or even negative definite, in contradiction to the definition of a
covariance matrix.



With sigma points defined using the SVD, differences can be
constructed that in the limit as nx + λ → 0+, i.e., α → 0+ with
κ = 0, yields the derivatives:

z(i) − z(0)

σi

√
nx + λ

→ g′(µx)ui (9)

z(i) − 2z(0) + z(−i)

σ2
i (nx + λ)

→
ˆ
uT

i g′k(µx)ui

˜
k

(10)

Note that nx + λ = (ω − 1)/nx.
Using this, the limit case of (8) can be evaluated,

µz → g(µx) + 1
2

ˆ
tr(g′′i P )

˜
i

(11a)

and

Pz → g′(µx)P
`
g′(µx)

´T

+ (β−α2)
4

ˆ
tr

`
Pg′′i (µx)

´
tr

`
Pg′′j (µx)

´˜
ij

. (11b)

These expressions for the approximation the UT can now be used
to better compare it to the other derivative based algorithms.

4. COMPARING THE DERIVATIVE BASED METHODS

4.1. Scalar Case

First looking at the completely scalar case g : R 7→ R, where TT2
and UT yield the same results (β −α2 ≈ 2, for suggested parameter
values), and TT1 lacks the second order term in both the mean and
the variance approximation

µz = g(µx) + 1
2
Pg′′(µx) (12a)

Pz =
`
g′(µx)

´2
P + 1

2

`
g′′(µx)P

´2
. (12b)

4.2. Multidimensional Case

For the multidimensional case, TT2 and UT differs in their terms
compensating for the quadratic effects. They both include the same
first order terms as TT1. The correct second order compensation,
given by TT2, is

1
2

h
tr(Pg′′i (µx)Pg′′j (µx))

i
ij

(13)

and the corresponding UT compensation is

(β−α2)
4

ˆ
tr

`
Pg′′i (µx)

´
tr

`
Pg′′j (µx)

´˜
ij

, (14)

where β − α2 ≈ 2 is recommended. The terms are similar, but not
identical. The reason for the difference is that the UT cannot express
the mixed second order derivatives needed for the TT2 compensation
term without increasing the number of sigma points. The result of
this approximation depends on the transformation and must analyzed
for the case at hand.

5. EXAMPLE: SUM OF TWO SQUARED GAUSSIANS

This example demonstrates the effects of not having the cross-deriv-
atives for the Hessian available in the UT, it also demonstrates the
poor performance of TT1 even for quite well-behaved functions. To
do this, study the transformation

z = g(x) = xT x, (15)

Table 1. Results of the different transformation methods on (15).
The analytic result is a χ2(2) distribution. The UT is for the recom-
mended α = 10−3, β = 2, and κ = 0, the MC method uses 100 000
samples.

Method Mean Variance
Analytic 2 4
TT1 0 0
TT2 2 4
UT 2 8 (= 4β + 2α2κ)
MC 2.0 4.0

with x ∼ N (02×1, I2×2). The transformed variable z is now the
sum of two squares of Gaussians, and hence z ∼ χ2(2) distributed
with E(z) = 2 and var(x) = 4.

The results obtained when using the methods discussed in this
paper can be found in Table 1. Some observations:

• TT1 totally fails since it does not at all consider the second
order effects in the transformation.

• TT2 gives the correct answer, as expected for quadratic trans-
formations.

• The approximation made in the UT due to the lack of mixed
derivatives does in this case produce a too large variance, but
the mean is correct. Note, there is no guarantee that the UT
will overestimate the covariance and hence make the UKF
more robust than a EKF based on TT2.

• The MC is correct, but the exact result will vary with different
instances of random numbers.
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