
SUBMITTED TO IEEE TRANSACTIONS ON ROBOTICS AND AUTOMATION, JANUARY 2001; REVISED MAY 2001, AND AUG 2001 1A feedbak ontrol sheme for reversing a trukand trailer vehileClaudio Alta�ni, Alberto Speranzon and Bo WahlbergAbstrat|A ontrol sheme is proposed for stabilization ofbakward driving along simple paths for a miniaturized ve-hile omposed of a truk and a two-axle trailer. The pathshosen are straight lines and ars of irles. When revers-ing, the truk and trailer under exam an be modeled as anunstable nonlinear system with state and input saturations.The simpli�ed goal of stabilizing along a trajetory (insteadof a point) allows to onsider a system with ontrollablelinearization. Still, the ombination of instability and satu-rations makes the task impossible with a single ontroller.In fat, the system annot be driven bakward from all ini-tial states beause of the jak-knife e�ets between the partsof the multibody vehile, sometimes it is neessary to driveforward to enter in a spei� region of attration. This leadsto the use of hybrid ontrollers. The sheme has been imple-mented and suessfully used to reverse the radio-ontrolledvehile.Keywords|Multibody wheeled vehile, bakward driving,jak knife, state and input saturation, hybrid automata.I. IntrodutionThis paper desribes a feedbak ontrol sheme used tostabilize the bakward motion of the radio-ontrolled trukand trailer shown in Figure 1. The miniaturized vehile is a

Fig. 1. The radio-ontrolled truk and trailer(1:16) sale of a real ommerial vehile and reprodues indetail the geometry of the full-sale one; it has four axles,atuated front steering and atuated seond axle to governthe longitudinal motion. Like the real one, it presents satu-rations on the steering angle and on the two relative anglesbetween the bodies. It is equipped with potentiometers anddi�erential enoders so that full state feedbak is possible.Our ontrol task is to drive the system bakward along apreassigned straight line, avoiding jak-knive e�ets on theangles.C. Alta�ni (orresponding author) is with the Division of Optimiza-tion and Systems Theory, Royal Institute of Tehnology SE-10044,Stokholm, Sweden; e-mail: altafini�math.kth.seA. Speranzon and B. Wahlberg are with the Department of Sig-nals, Sensors and Systems, Royal Institute of Tehnology, SE-10044Stokholm, Sweden

There is a moderate literature on bakward steering on-trol of wheeled multiple vehiles reporting on experimentalresults ahieved with di�erent ontrol tehniques and withdi�erent kinds of vehiles, mainly expeially built labora-tory mobile robots, see for example [15℄, [18℄, [20℄, [23℄,[30℄. Numerous papers treat the baking problem withtools spanning from neural network [25℄, fuzzy ontrol [11℄,[16℄, [30℄, learning, geneti algorithms and expert systems[6℄, [12℄, [17℄, [26℄. Only a few works make use of moretheoretial tools steaming from the literature on ontrol ofkinemati vehiles (overviewed for example in [5℄, [19℄), see[7℄, [18℄, [29℄. Aording to suh formalism, our system isa general 3-trailer, general beause of the kingpin hith-ing between the seond axle and the dolly. The o�-axleonnetion is important here beause it indiates that thesystem is not di�erentially at [9℄ neither feedbak lineariz-able, and so simple motion planning tehniques, like thosebased on algebrai tools [24℄ annot be applied. See also[29℄ for reverse ontrol of a truk with trailer via feedbaklinearization in the simpler ase of no o�-axle hithing.From a system theory point of view, the ontrol prob-lem is quite hallenging: it is an unstable nonlinear systemwith state and input onstraints. The \redued" ontrolgoal of stabilization along a line (instead of a point) al-lows to onsider a system with ontrollable linearization,so that loal asymptoti stability an be ahieved via Ja-obian linearization. Still, the ombination of instabilityand saturations results in so-alled jak-knife e�ets on thetwo relative angles between the truk and the dolly andbetween the dolly and the semitrailer. This makes the taskof bakward driving impossible to solve with a single on-troller. The sheme we use here is based on the observa-tion that the system of equations is homogeneous in one ofthe inputs (the longitudinal veloity v). Homogeneity heremeans that the sign of v alone disriminates between for-ward and bakward motion. The former, unlike reversing,is open loop stable, whih implies that we an use it in or-der to get lose enough to the equilibrium before swithingto bakward motion. The sheme is formalized in a swith-ing ontroller with a logi variable that allows swithingbetween the two di�erent modes (forward and bakward),eah of them governed by a linear state feedbak designedvia linear quadrati tehniques on the Jaobian lineariza-tions. Swithing in the logi variable ours when the in-tegral urve of the losed loop system hits suitably de�nedswithing surfaes. There is a ertain freedom in the de-sign of the two swithing surfaes, the important onditionis that they do not touh eah other. The riterion we fol-low here is that the reversing mode an be ativated onlywhen the system is entered inside the region of attration ofthe loal stabilizing ontroller. Sine the nonlinear systemis subjet to saturations, very little an be said analytiallyabout the region of onvergene of a ontroller. However,an ellipsoid playing the role of invariant set for the losedloop saturated system an be identi�ed by numerial meth-ods. The seond swithing surfae is meant to \inform"the ontroller that bakward motion is going unstable andthat a reallignement of the relative angles is needed (a-



2 SUBMITTED TO IEEE TRANSACTIONS ON ROBOTICS AND AUTOMATION, JANUARY 2001; REVISED MAY 2001, AND AUG 2001omplished by moving forward). In the nominal systemthis seond swithing surfae is never in use; however it issometimes usefull in pratie in order to rejet disturbanesand sensor errors. Furthermore, sine the equilibrium o-urs along a trajetory instead of a rest point, the (possi-bly destabilizing) perturbations a�eting the system haveto be onsidered as nonvanishing. In synthesis, the swith-ing an be seen as an extra feedbak loop around the twodi�erent losed loop modes. The swithing surfaes andthe swithing logi are designed in suh a way that thedesired equilibrium inside the bakward motion regime isgiven the harater of global attrator from all the initialonditions in a prespei�ed domain. This swithing shemeis desribed in Setion IV. One the loal ontrollers forthe di�erent regimes of motion are available (linear feed-bak design in presene of saturation for forward/bakwardmotion along lines/ars is treated in Setion III), there isa ertain freedom in designing the logi loop. The hoieabove orresponds to the most elementary ase of hybridautomaton (two states, two trasition rules) for the logiloop. As an example, in Setion V we desribe anothersimple enough sheme based on ombinations of three dif-ferent �nite states. Both logi designs were implementedand suessfully used to reverse the real vehile. A fewexperimental tests are desribed in Setion VI.II. Kinemati equations and linearizationA. Kinemati modelCall (x3; y3) the artesian oordinates of the midpointof the rearmost axle, �3 its absolute orientation angle, �3and �2 the relative orientation angles respetively betweenthe rearmost trailer body and the dolly and between thedolly and the truk body. L3; L2; M1; L1 are the lengthsof the di�erent parts of the body as indiated in Figure 2.The inputs are the steering angle � and the longitudinal
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desribing the kinematis are:_x3 = v os�3 os�2�1 + M1L1 tan�2 tan�� os �3 (1)_y3 = v os�3 os�2�1 + M1L1 tan�2 tan�� sin �3 (2)_�3 = v sin�3 os�2L3 �1 + M1L1 tan�2 tan�� (3)_�3 = v os�2� 1L2 �tan�2 � M1L1 tan�� (4)� sin�3L3 �1 + M1L1 tan�2 tan���_�2 = v� tan�L1 � sin�2L2 + M1L1L2 os�2 tan�� (5)Call p = [y3 �3 �3 �2℄T the on�guration state obtainednegleting the longitudinal omponent x3. In a ompatway, the state equations are written as:_p = v�A(p) + B(p; �)� (6)The sign of v deides the diretion of motion, v < 0 or-responding to bakward motion. The entire state is mea-sured via two potentiometers on the relative angles �2 and�3, and a pair of optial enoders on the two wheels of therearmost axle.A.1. State and input saturations. Both the relative angles�2 and �3 present hard onstrains:j�2j � �2s = 0:6 rad; j�3j � �3s = 1:3 rad (7)These limitations are due to the front and rear body touh-ing eah other and to the dolly touhing the wheels. Theyare partiularly important sine for bak-up maneuvers theequilibrium point is unstable and jak-knife e�ets appearon both angles. The other two states do not present satu-rations, however for pratial reasons of limited spae whenmaneuvering, it is onvenient to assume the followingjy3j � y3s = 75 m j�3j � �3s = �2 radSummarizing, the domain of de�nition of p isD = (�y3s ; y3s)� (��3s ; �3s)� (��3s ; �3s)� (��2s ; �2s)(8)Also the input has a saturation:j�j � �s = 0:43 rad (9)The steering driver tolerates very quik variations, so we donot assume any slew rate limitation in the steering signal.B. Jaobian linearization along trajetoriesThe system (6) is homogeneous in the longitudinal inputv. Fixing v as a given nonnull funtion means having adrift omponent, whih gives a nonvanishing term to thedi�erential equations of the system. The steering angle



ALTAFINI ET AL.: REVERSING A TRUCK AND TRAILER 3� an be used to give asymptoti stability to the systemalong a trajetory. The trajetories whih admit a onstantequilibrium point in this way are those orresponding tostraight lines or ars of irles. The �rst type of equilib-rium involves 4 of the 5 states of (1)-(5), for example thevetor p, while for the irular trajetories only the relativeposture �p = [�3; �2℄T has a onstant equilibrium point inthe system (6) (or a di�erent basis, like that orrespondingto a Frenet frame must be hosen, see [5℄, [27℄ for details).B.1. Straight line linearization. The equilibrium pointof p is the origin pe = 0 and it orresponds to a nominalvalue of the steering input �e = 0. The linearized systemis _p = v (Ap+B�) (10)whereA = 26640 1 0 00 0 1L3 00 0 � 1L3 1L20 0 0 � 1L23775 B = 2664 00� M1L1L2L2+M1L1L2 3775 (11)B.2. Linearization along a irular trajetory. Considerthe subsystem of (6) relative to �p:_�p = v� �A(�p) + �B(�p; �)� (12)Proposition 1: The equilibrium point of (12) orre-sponding to a given steering angle �e is:�2e = artan (M1=r1) + artan (L2=r2) (13)�3e = artan (r3=L3) (14)where r1 = L1tan�e , r2 = pr21 +M21 � L22 andr3 =pr22 � L23 are the radii of the irular trajetories fol-lowed by the midpoints P1, P2 and P3 of the axles (seeFig.3).Proof: At steady state, with nominal steering an-gle �e, all the axles follow onentri irular trajetories.Look at Figure 3. All the alulations are straightforward
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eFig. 3. Equilibrium point along an ar of irle.from trigonometry, starting from a �xed �e.The linearization of (12) around �pe = [�3e �2e ℄T and �eis now given by_�p = v� �A(�p� �pe) + �B(� � �e)� (15)

where�A = " os �2e os �3eL3 os�2eL2 + sin�2e sin �3eL3 + M1L1 �f(�pe) tan�e0 � os�2eL2 �1 + M1L1 tan�2e tan�e� #�f(�pe) = sin�2eL2 � os �2e sin�3eL3 and�B = 24�M1L1 � os�2eL2 + sin�2e sin�3eL3 � �1 + tan2 �e�1L1 �1 + M1L2 os�2e��1 + tan2 �e� 35III. Loal ontrollers for bakward andforward motionIn this Setion, we desribe the loal ontrollers to beused in the di�erent regimes of motion: drive forward orbakward and linearize along a straight line or an ar ofirle.A. Reversing along a line for the Jaobian linearizationAssume v is a given negative onstant.A.1. The linear quadrati ontroller. Consider thestraight line baking ase. The linearization (10) is open-loop unstable: the harateristi polynomial of the unon-trolled system isdet (sI � vA) = s2�s+ vL2��s+ vL3� (16)Sine (10) is ontrollable, the origin of the nonlinear system(6) an be made an asymptotially stable equilibrium bylinear state feedbak. We treat it as a linear quadratioptimization problem and in the weight assignment we usethe rule of thumb of trying to have dereasing losed-loopbandwidths when moving from the inner loop to the outerone in a nested loopshaping design. In fat, the relativedisplaement y3 omes after a asade of two integratorsfrom the relative angles as an be seen on the linearization(11). It turns out that suh a heuristi reasoning is veryimportant in the pratial implementation in order to dealwith the saturations.Calling KB = BPB the gain proposed by the solution ofthe LQ problem, where PB is the solution of the Lyapunovequation, the losed loop linear system _p = v (A�BKB)phas two real and two omplex onjugated eigenvalues; allthree real parts are distint. This is enough to say thatthe unonstrained linear losed-loop system forms a on-tration map for positive times, maxt�0 ke(A�BKB)tk = 1,where k � k is the operator norm. In other words, the el-lipsoids of initial onditions ontaining the origin are pos-itively invariant sets [2℄ for the losed loop linear system.Suh ellipsoids are level surfaes of the quadrati Lyapunovfuntion VB = pTPBp.A.2. Qualitative analysis of the basin of attration. It isin general diÆult to draw onlusions on the invarianeproperties of the ow of a nonlinear system. If in addi-tion one takes into aount the state and input onstraints



4 SUBMITTED TO IEEE TRANSACTIONS ON ROBOTICS AND AUTOMATION, JANUARY 2001; REVISED MAY 2001, AND AUG 2001(7)-(9), then an analyti desription beomes almost im-possible [10℄. Therefore, in order to obtain estimates of theregion of attration of the linear ontroller � = �KBp andof the ontrativity of the resulting integral urves, we relyon the numerial simulation of the losed-loop behavior ofthe original nonlinear system (6), paired with the linearontrollerKB:_p = FB(p) = v�A(p) + B(p; �KBp)� (17)In order to obtain a graphial representation of the results,in the following we neglet the y3 omponent of the statespae, whih is by far the less ritial one with the LQontroller in use.The loud of initial onditions that represents the re-gion of attration losely resembles an ellipsoid in p̂ =[�3 �3 �2℄T spae. The �tting of an ellipsoid Ê stritlyontained in the set of suesfull initial onditions an bedone by diret investigation, see Figure 4 (left). The prin-ipal axes q̂ = [q1 q2 q3℄T of the ellipsoid are related to p̂by an orthogonal transformation:p̂ = R̂E q̂ R̂E 2 SO(3)Calling "1; "2 and "3 the semiaxes of Ê , the ellipsoid isgiven by the algebrai equationÊ = �q21"21 + q22"22 + q23"23 = 1� (18)Taking into aount also the y3 omponent of the initialonditions, the ellipsoid E 2 R4 is given byE = �q21"21 + q22"22 + q23"23 + q24"24 = 1� (19)with "4 � "i; i = 1; 2; 3. In D the di�erene with respetto Figure 4 (left) an hardly be appreiated.From Figure 4 (left), we draw the qualitative onlusionthat for the losed-loop nonlinear system Ê is a positivelyinvariant set.B. Stabilization for forward motionWhen v > 0, in (16) the two unstable poles move onthe open left half of the omplex plane. Considering thesubsystem p̂ means negleting one of the two poles in theorigin. The origin of p̂ is asymptotially stabilizable bylinear feedbak and this time onvergene for the nonlin-ear system in ���2 ; �2 �� (�1:3; 1:3)� (�0:6; 0:6) is a lessritial problem. The reason for negleting y3 when movingforward is again the same: the losed loop mode relativeto y3 has a natural time onstant higher of several ordersof magnitude when ompared to the other states.Assume for example v = 1. Extrating from (11) thethree dimensional system (Â; B̂), linearization around theorigin of (3)-(5), it is possible to hoose a gain K̂F suh thatthe losed loop system _̂p = v(Â�B̂K̂F )p̂ is asymptotiallystable and has three distint real modes. The pratialrule here for the seletion of the eigenvalues is to try to

have all 3 losed-loop poles of the same order of magnitude.The unavoidable input saturation will not destroy stabilityanyway. Assuming no ontrol on y3, the variation in y3 dueto the forward losed-loop is hard to ompute expliitly, buta worst ase analysis an give an upper bound on it.Proposition 2: Assume the task of the forward ontrollerK̂F is to steer the system (Â; B̂) inside the ellipsoid E�.The variation on y3 starting from any admissible initialondition p0 = [y30 �30 �30 �20 ℄T is bounded byj�y3j � � ��os �3� � os �30 ������30�min(Â � B̂K̂F )��� (20)with � = ���1 + M1L1 tan�2s tan�s��� and �3� = p�"̂max.Proof: From (2), if � = ���1 + M1L1 tan�2s tan�s��� thenj _y3j � � jsin �3(t)j (21)We need a bound on the value of �3(t) and to quantifythe settling time ts of the �3 mode from �30 to its enteringinto the ellipsoid E�. Sine for the forward motion stabil-ity is not a problem not even in presene of saturations,deriving a bound on the settling time of �3 we onsideronly the linearized system. The stable losed loop system_̂p = (Â� B̂K̂F )p̂ has three distint real modes. Its inte-gral urves p̂(t) = e(Â�B̂K̂F )tp̂0 an be bounded as follows:ke�j�max(Â�B̂K̂F )jI3tp̂0k2 � kp̂(t)k2 � ke�j�min(Â�B̂K̂F )jI3tp̂0k2with I3 the 3-dimensional identity matrix. Sine there areno multiple losed loop eigenvalues, also the �3 mode aloneis bounded by the slowest mode of the losed loopj�3(t)j � ���e�j�min(Â�B̂K̂F )jt�30���In order to ompute ts, we need to have a value of �3(t)whih is ertainly inside the ellipsoid Ê� : np̂T P̂E p̂ = �o.The irle �min �P̂E� kp̂k22 = mini=1; 2; 3(�i)kp̂k22 = � (donot ount �4) is ontained inside Ê�, therefore alling�̂min = mini=1; 2; 3(�i) = 1maxi=1; 2; 3("i) = 1"̂max , for the �3variable alone �3� =p�=�̂min = p�"̂max does the job. Thedesired bound on the settling time is thents = ����ln �3�j�30 j ��������min �Â� B̂K̂F���� (22)Integrating (21) from 0 to ts:jy3(t)� y30 j � � Z t0 ���sin�e�j�min(Â�B̂K̂F )j��30���� d�i.e. j�y3j � � ���os�e�j�min(Â�B̂K̂F )j��30�� os �30 �������30�min(Â� B̂K̂F )���� � ��os �3� � os �30������30�min(Â� B̂K̂F )���



ALTAFINI ET AL.: REVERSING A TRUCK AND TRAILER 5Sine ts is inversely proportional to the smallest eigenvalueof the losed loop, the more the slowest mode (i.e. �3) is\speeded up" by K̂F the sooner p̂ enters inside E�. Ob-viously, moving eigenvalues deeper in the left half of theomplex plane implies more problems with the input satu-ration.The bound (20) an be used to haraterize the region ofattration in D for an ellipsoid like Ê� as attrator set forthe forward motion ase. Negleting the input saturation,it basially oinides with D exept for a ut in the y3diretion.Corollary 1: InD, the region of attration to an ellipsoidÊ� of the ontroller K̂F is given byD� = (�y3s +�y3s ; y3s ��y3s)� (��3s ; �3s)�� (��3s ; �3s)� (��2s ; �2s) (23)where �y3s(�) = ���1+M1L1 tan�2s tan�s��� jos �3��os �3s jj�3s �min(Â�B̂K̂F )j .Suh a restrition is not really drasti; in numbers, withour hoie of K̂F , it amounts to about 30 m. Furthermore,one an add that �y3s is a worst ase bound and that thehoie of y3s = 75 m is purely arbitrary.C. Reversing along an ar of irle (alignment ontrol)If instead of p or p̂ only the bakward stabilization ofthe relative angles �p = [�3 �2℄ is required, then a lineariza-tion like (15) an be used and the desired equilibrium point�pe an be indi�erently the origin or a pair of onstant an-gles like in (13)-(14). In this ase, the truk and trailerwill be stabilized along a irular trajetory as omputedin Proposition 1. We an onsider the irular trajetoriesorresponding to e.g. j�ej � �es = 45�s (see Proposition1 for the orresponding radii), for whih the equilibriumpoint is ompatible with the system onstraints and a er-tain margin is left around it before reahing the steering a-tuator saturation. The ontroller � = � �KB�p an be om-puted like in Setion III-A by another LQ problem. Theregion of attration of the equilibrium is an ellipse in the�p plane, for eah value of �e in j�ej � �es . If a Frenetframe is hosen on the ar of irle [27℄, then the enodersinformation an be used to attain loal stabilization of p(and not just of �p) along the desired ar.IV. Swithing ontrollerThe region of attration of the bakward ontroller isonly a subset Ê of the entire domain D. Starting from out-side Ê , it is neessary to �rst drive forward for examplewith a ontroller like K̂F until the system enters inside Êand only then swith to bakward motion. When revers-ing, the main manifestation of a destabilizing perturbationis a jak-knife e�et on the relative angles. Just like on afull-sale truk and trailer vehile, the only way to reoverfrom suh a situation is to move forward and try again. So,in order to guarantee stability of the bakward motion inD and not only inside the ellipsoid Ê for the nominal model

and in order to ope with the perturbations, one single on-troller is not enough. The swithing variable between thetwo ontrollers is the longitudinal veloity v. For examplewe assume that v 2 f�1; +1g ,I. The bakward regime isseleted by v = �1 and the forward one by v = +1. Sinethe longitudinal input v is a ontrol input, if we assume thatv 2 I then v beomes a ontrolled logi variable. More-over, if the seletion of the logi value of v is made aordingto a partition of the state spae, the overall system withmultiple ontrollers beomes a feedbak ontrolled system.This is feasible in our ase sine we have on-line full stateinformation available.A. Seletion of the two swithing surfaesTwo are the swithing surfaes that delimit the parti-tion of the state spae, and their rossing in a presribeddiretion by the ow of the system indues a sign hange inv. This, in its turn, auses the inversion of the diretion ofmotion and indues the ativation of the orresponding lin-ear state feedbak ontroller. These swithing surfaes, allthem S�+ and S+� have to be hosen suh that they giveto the point p = 0 of the bakward motion the haraterof global attrator (in D). Sine in both regimes the originis the losed-loop loal asymptotially stable equilibriumpoint, we hoose both S�+ and S+� as losed hypersur-faes in R4 ontaining the origin in their interior.
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Fig. 4. Left: the suesful initial onditions and the �tted ellipsoidÊ. Right: the swithing surfaes (in R3).The swithing surfae from forward to bakward motion:S+� . From Setion III-A, S+� has to be ontained insideE . The simplest hoie is to onsider S+� = E� for some �suh that 12 < � < 1. The trade-o� is the following:� if S+� is large (� ! 1) the system will be sensitive todisturbanes and more easily destabilized by perturbations(meaning more swithes an our);� if S+� is small (� ! 12 ) the forward regime will be verylong, whih is often unaeptable for pratial implemen-tations.



6 SUBMITTED TO IEEE TRANSACTIONS ON ROBOTICS AND AUTOMATION, JANUARY 2001; REVISED MAY 2001, AND AUG 2001Ellipsoids smaller that E 12 are also not reommendablefor other reasons, like the possibility of being ompletely\jumped over" in ase of relevant sensor error.A.1. The swithing surfae from bakward to forward mo-tion: S�+ . Suh a swithing surfae has to \tell" thesystem that baking is not going well and the trailers needto be realigned. The hoie is quite exible, the only on-straint is that S+�, S�+ and the sides of D must not inter-set. In partiular the set distane between S+� and S�+gives the hysteresis between the two regimes. If this dis-tane is positive, problems like hattering will be avoided.One simple hoie for S�+ is for example to use a ube inR4 whih is a resaling of D by a fator less than 1.B. Control logi for vD is divided into three noninterseting regions:� C� = region inside S+� where v = �1;� C = region between S�+ and S+� where v an be either+1 or �1;� C+ = region outside S�+ (C+ = D \ (C [ C�)?) wherev = +1.Changes on v our only at rossing with the rules of the�nite state mahine of Figure 5.
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Fig. 5. The hybrid automaton assoiated with the ontrol logi.C. Convergene for the nominal and perturbed systemFor the nominal system we an assert the following:Theorem 1: Under the assumptions of invariane of E ,the system (6) with the two ontrollers K̂F and KB , re-spetively for the ases v = �1 and v = +1, and with thefeedbak rule of Figure 5 for v 2 I, asymptotially overgesto the origin in bakward motion from any inital onditionin D�.Proof: From the analysis of Setion III and lookingat the swithing rules of Fig. 5, the following order relationis the only possible one for the system:C+ ! C ! C�v = +1 v = +1 v = �1In fat, from any p0 2 D�, the ontroller KB steers thesystem inside S+� and S+� is a positively invariant setfor the ontroller K̂F . In the two regions C+ and C theontroller KB stabilizes only p̂. One S+� is �xed so isD�, and in D� the orresponding exursion on y3 annotexit D by Corollary 1.So for the nominal system the swithing surfae S�+ isnever in use. Due to the unstable equilibrium point, thee�et of perturbations is ritial in C�. Sine the wholestabilization developed here ours along a trajetory, we

annot expet the perturbations a�eting the system to bevanishing at the equilibrium point of (17). For example,the two potentiometers for the measure of the relative an-gles �2 and �3 introdue an error of �4Æ also at steadystate. Similarly, all the disturbanes a�eting the real sys-tem an be onsidered nonvanishing. When a perturbationis large enough to pull the state out of E the system di-verges. Trying to quantify the amplitude of the destabiliz-ing pertubations and, onsequently, trying to inferr totalstability for a lass of bounded perturbations is very hardin our situation beause of the input saturation involved.The destabilized system keeps driving bakwards until ithits the S�+ surfae. After that, it inverts the diretionof motion and tries again to onverge inside S+� with theforward ontroller. In this part, stability is not underminedby the pertubations beause the system is open-loop sta-ble, but perhaps the onvergene rate (and therefore thesettling time ts and �y3) an be.As said above, if the S�+ and S+� do not touh eahother, degenerate swithing phenomena (normally referredto as Zeno hattering) do not our. Furthermore, alsothe di�erent pole plaement philosophy adopted in the twoontrollers K̂F and KB (in one the ritial mode, the �3mode, is slow, in the other it is instead faster) is meant toavoid a hattering type of behavior (like keep moving thesystem bak and forth between the same points on S�+ andS+�) whih an happen if the two losed-loops resembleeah other.V. Another swithing shemeAt the swithing C S+��! C�, if j�3j is large, instead of theontroller K̂F one an think of using a di�erent strategy,based on realigning only the �2 and �3 angles leaving �3free, and then reover �3 if needed by reversing along anar of irle with �KB. Negleting �3 in the forward motionmeans reduing onsiderably its duration, as the �3 modeis the slowest of the three. This strategy allows to greatlyinrease the onvergene rate when y3 is large and y3 ��3 >0. A typial situation is shown in Figure 6. The modesneeded for its implementation are three:1. forward ontrol of �2 and �3;2. reverse along ar of irle;3. reverse along straight line.Assume v = �1, �3 > 0 and y3 > 0 (Figure 6). Call ~p
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ALTAFINI ET AL.: REVERSING A TRUCK AND TRAILER 7the state on the swithing surfae �S+� and ~x3 the or-responding oordinate on the referene line. The ar ofirle tangent to both the line through the point (x3; y3)of orientation ~�3 and to the straight line y3 = 0 isunique it has radius ~r3 = ~y3sin ~�3 tan ~�32 and enter of rotation�~x3 � ~y3(1+os ~�3)sin ~�3 ; ~y3sin ~�3 tan ~�32 �. Sine v = �1, we takethe length of the ar from P3 to the axis y3 = 0, ~r3 � ~�3,as duration of the reversing along ar of irle mode i.e. astime between the swith v : +1 ! �1 and the swithfrom reversing along ar of irle to reversing along straightline. The S�+ swithing surfae remains in use while forthe swithing v : +1 ! �1 we onsider only the �2; �3angles: �S+� = ��22=�"22 + �23=�"23 = 1	 with �"2 and �"3 of thesame order of magnitude. The forward ontroller then is aredued version of K̂F with only two nonnull gains. Theredued system (12) with v = +1, �pe = [0 0℄T is asymptot-ially stabilizable and the duration of the forward motionbetween S�+ and �S+� is normally quite short omparedto that of Setion IV. Calling ~t the time at whih the owof the system hits �S+�, the omplete hybrid automaton isdepited in Figure 7.
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Fig. 7. The new hybrid automaton.VI. Pratial implementation and experimentalresultsFor the truk and trailer shown in Figure 1, the ontrollerwas implemented using a ommerial version of PC/104. Itwas written in C-language and used at a frequeny of about10Hz sine the veloity of the system was very low. Fig. 8-9present the result of a simple real maneuver. The swith-ing sheme used is the two-state automaton desribed inSetion IV. The vehile starts with saturated relative an-gles and �rst drives forward in order to realign itself, thenreverses along the referene line. Notie that sine the �3mode is slower than those of the relative angles, most ofthe forward motion is needed to get �3 inside the ellipsoidS+�. It is instrutive to ompare (Figure 9, right) the a-tivity of the feedbak input when the open loop system isstable (upper plot) and when it is unstable (lower plot).The experimental validity of the heuristi ellipsoid E wasveri�ed by several trials. For the bakward ontroller KBalone, some of the unsuessful initial onditions belongingto the quadrant (�3 = 0; �2 � 0; �3 � 0) are shown in
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Fig. 8. Experiment # 1: sketh of the motion of the vehile. Thedotted line represents the path followed by the (x3; y3) point.
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